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Abstract

This paper presents a solution to a problem in multiagent statistical decision
analysis. More precisely, a group of Bayesians are jointly required to predict an ex-
ponentially distributed random inter-event time, S. They are to base that prediction
on shared, previously observed, independent and identically distributed realizations
of S. Although their priors may be different, they have the same conjugate utility
function for prediction. That utility is shown to yield a conjugate utility for estimat-
ing the population-mean inter-event time. Thus prediction gives way to estimation.
For the case of just two agents, the Pareto efficient boundary of the set of utili-
ties generated by the class of all non-randomized linear prediction rules is explored.
Conditions are given under which those rules are G-complete within the class of non-
randomized linear predictors, meaning that optimum non-random predictors can be
found on the Pareto boundary thereby providing a basis for a meaningful consensus.
It is shown that the pre-posterior probability of such consensus is 1 under reason-
able, explicit conditions. Finally, several paradigms are considered for selecting the
compromise predictor and their implied solutions for a general G characterized.

*The work reported in this paper was supported by a grant from the Natural Science and Engineering
Research Council of Canada



1 Introduction

This paper concerns the prediction of a future exponentially distributed random variable
S by a group of GG Bayesian agents. These agents could in fact be robots, each monitoring
a single node of a process, for example. The S in question could be an inter-event time
or a survival time. In any case, the agents share n independently observed realizations of
S. Moreover, although they may have different prior knowledge, they do have a common
conjugate utility function. The latter could be viewed as that of the organization employing
them.

This paper is more generally concerned with paradigms that can be invoked in multiagent
decision problems. Although their implications are worked out in just the special context of
the prediction problem addressed in this paper, the nature of those results are suggestive,
indicating what might obtain in other contexts as well.

The paradigms explored in this paper are:

1. The Organization is a third intelligent agent, i.e. a “supra Bayesian” (see, for exam-
ple, Genest and Zidek (1986)), capable of combining the data and prior opinions (as
data!) with his, her or its own prior and thereafter developing a conventional Bayes
predictor.

2. The Organization can “pool” the separate posterior distributions to create a single
posterior, again for use in a conventional analysis as above.

3. The problem can be treated as a multi-agent decision problem where the agents would
have an individually preferred (Bayesian) prediction strategy but would be forced to
seek a compromise in a group decision problem.

Interest focuses on the similarities as well as differences in the predictors they produce.
However, selection of the best paradigm for a particular application would depend on the
context.

With respect to Paradigm #3, the optimal joint predictor of S may well be randomized,
since members of the class of conjugate utility functions adopted in this paper are not
concave. In other words, the agents may have to select at random amongst a set of non-
randomized predictors. However, that sort of procedure would not generally be considered
practical. Therefore conditions are derived, at least in the case of G = 2 agents, that ensure
the optimal procedure is non-randomized. Since those conditions depend on the data,
their attainment is generally subject to sampling uncertainty. Yet surprisingly at least
in some situations presented below, their attainment is certain pre-posteriori. Thus, in
some situations the two agents are assured of a realistic consensual choice of a compromise
predictor. The case of G > 2 remains an open problem.

The paper begins with Section 2 which addresses the case of a single agent. There a con-
jugate utility function for predicting the random exponential variable, S, is adopted. That
leads to an equivalent problem for the estimation of \. With a judicious approximation,
the latter also has a conjugate utility function, providing the mathematical tractability
needed to enable analytical progress. The Bayes estimator of A is found and that in turn



can be viewed as a predictor of S for that Bayesian. Section 3 turns to the case of G > 1
agents and a number of general results are given. However, the principal result there, a
group admissibility result, is for just G = 2. Is there a basis for a consensual choice of
a nonrandomized estimator by these two agents? Section 4 addresses that question and
develops conditions where the answer to this question is affirmative. The pre-posterior
probability of their attainment is found and shown to be 1 in certain situations. Section
5 then explores the implications of adopting the three paradigms described above, com-
paring and contrasting the results obtained. Finally, Section 6 discusses various aspects
of the problem addressed in this paper and returns to general issues presented in this
introduction.

2 A single agent

This section develops the problem of finding a predictor of an exponential random vari-
able S for a single Bayesian. A conjugate prior and utility function are assumed to gain
mathematical tractability at the expense of completeness, to better enable us to address
conceptual issues in later sections.

Suppose the decision maker observes Si,...,.5, i exp (A) so that

for all i« =4,...,n. Then if T'= 3", S; denotes the sufficient statistic it has conditional
density function,

fr(t|A) = o exp (—t), t>0.

AT (n) A
Moreover,
E(TIN) = u(TN)
= nA and
V(TN = o*(T|\)
nAZ.

Further assume the Agent has a (conjugate) inverted gamma prior density for A given by

T(A|0) = Mfg_l)exp (—f), A0 (2.1)

where 6 = («, 3,7) denotes the vector of hyperparameters. Thus,
EA0) = u(Al9)
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= b , a>2 and
a—2
A|6)?
Ve = “Oi_';,a>3.

Then this decision maker’s marginal density function for 7" is

(/)"

fr(t|0) = C(n,a)ﬁ(l Tt/ B) D t>0 (2.2)
where F(a D
a+n—
Cn0) = F a1y
It readily follows that
[Tl = w(T)6)
_
a

VIT|0] = o(T]6), and
= Elo(TIN[O] + VIE(T|N]6]
n(a+n —2)p*(T0)
(@ =3)

Finally we may compute the Agent’s posterior density function conditional on the data,
that is on the value of the sufficient statistics T = t,

_ (ﬂ +t)o<+n—1 ﬁ 4+t
T(At, 0) = Tlatn— e exp (—)\). (2.3)

It readily follows that

B[Nt 0]

u(Tt,0)

t
= —Ei—qa+n>l and
a+n—2

VAL = o(T|t,0)
(Al 0)

= 7 7 > 3.
(a+mn—3) arn

Observe that the just computed mean has the familiar form

o —2 n

B[, 6] = (A1) + PRI

A
a+tn—2 MLE,

a weighted average of the prior mean the maximum likelihood estimator of .
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One solution to the prediction problem is a predictive distribution, fs(s|5\) for S, X being
an estimator of . That solution yields not only a point predictor, S = [ s fg(S’S\)dS but
also prediction intervals.

Following a common practice, the performance of that predictive distribution conditional
on A, is quantified by

_ f(SM)>
I = s|A\) lo ~ | ds
[ fs(s|A) g(f(s|)\)

= [ fs(s|A)log f(s|A)ds — [ fs(s|\)log f(s|\)ds

¢ A
= —log)\—1~|—10g)\+i

A A
= ——1lo 7—1,
A g)\

(2.4)

the Kullback-Leibler measure of the discrepancy between the true distribution and the
predictive distribution for S. Ideally A should be chosen to minimize the quantity in
Equation (2.4). Thus the problem of finding a good predictor for S has formally turned
into an estimation problem, that of estimating A with the loss function given in Equation
(2.4). The latter is often referred to as entropy loss.

However, that commonly used loss function turns out to be unrealistic since it is unbounded.
Moreover, it is mathematically untractable. Thus, this formulation of the prediction prob-
lem has proven unsatisfactory. So we consider an alternative approach that looks for a
point predictor of S instead of a predictive distribution. Moreover, for convenience we
measure performance by means of a utility function U (S , S, A) instead of a loss function.
Its conditional expectation given A is then given by

E[U(S, S, N|t, Al (2.5)

and we seek to maximize the expected gain in utility in Equation (2.5). Following Lindley
(1976), we adopt a conjugate utility function

U(S,S8,\) = ]j_ﬂe {gexp <1—g>r. (2.6)

We now compute the conditional expectation of the utility in Equation (2.6) as



gamma =1 gamma =10 gamma =100

06

04

T
0.0 05 1.0 1.5 2.0 00 05 1.0 1.5 2.0 00 05 1.0 1.5 2.0

Ratio Ratio Ratio

Figure 1: Conjugate utility functions for the prediction of S for varying v, plotted against
the S-Ratio, S/S.
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If we substitute A for S in Equation (2.7) we obtain what may formally be viewed as a
gain in utility function for the estimation of A. In particular it is maximized by the choice
A = )\ as would be required of any reasonable measure of utility.

However, that utility is not very tractable, in particular, it is not conjugate for the X -
estimation problem. But we can obtain a conjugate utility as an approximation by letting
v — o0. In fact as Figure 1 shows, the conjugate utility in Equation (2.6) for predicting
S, which effectively tends to the 0-1 utility as 7 increases, does not change very rapidly
as A increases. Moreover, the derived utility for estimating A in Equation 2.8 is well
approximated for A’s as small as 10 as Figure 2 demonstrates.
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Figure 2: Approximate and exact utility functions for estimating A for varying -, plotted
against the A-Ratio, A/A.

Arriving at the approximation requires Stirling’s approximation,

T(1+7) ~ y/(2m) exp (—7)77* 2.

The result after the substitution is a conjugate utility

A A

—exp(1——]. 2.8

tow(1-7) (28)
In fact this has the same form as that adopted above for the prediction of S except that
v = 1 in this case. This then is the utility we adopt in this paper. With this conjugate
utility for A, we can now find this Bayesian’s predictor. However, before doing so, we

present a lemma that will be useful in computing its conjugate utility and in the next
section as well.

Lemma 2.1 For the utility function (2.8), posterior (2.3) and an estimator of the form
At) =it + ¢, ¢4 >0, cg > 0, the expected marginal utility is given by

UM 0) = Eu(, ), 0)
eﬁafl (29)

=l s (e 1 e e T m D an(e A

Proof. First note that conditionally on A,



Elu(erT + o, A, 0) | Al

1

e [ th
- X/ (Clt + CQ) e_(clt + 02)/)\ W(n) e_t/)‘dt
e(1=(c2/N) e e A Y
~ YT (n )/ (Ac1+13+02>6 ° <c1+1> ds (2.10)
_eli=(e/X)

A " C1
= ST <C1 - 1) {)\Cl LT+ 1)+ CQF(n)}

o(1=(c2/))

From (2.10) one obtains

U<01T+Cz,9) = Eu(clT+02,)\,9)

= — % lem / ean BT ongy
(cp + 1)ntt 0 AT (o —1)

00 6—62/)\ ﬁa—l

+ CQ(Cl + 1)/0 \ )\ar(a — 1)6_5/)\d)\}

B e pot o [(a—1) ol ['(«)
- <cl+1>n+1r<a—1>{l CEvr=i 2““><c2+ﬁ>a}’

from which the result follows immediately. @

We now determine the Bayes rule for the conjugate utility.

Theorem 2.1 For the utility function (2.8) and the prior (2.1), the Bayes estimator pYR
of \ is given by

<. t+8

Aolt) = ——. (2.11)

Proof. By (2.1) and the fact that for given A > 0, T has density

tnfleft/)\
L TN
NT(n)

0 ift <o,

the joint density of T" and X is given by



tn—le—UA 5a—le—ﬁ/k
AT(n) AeT(a— 1)
0 if not.

ift>0A>0

From (2.2) it then follows that the posterior density of A is, for ¢ > 0, given by

t a+n—1
- 4+ 5) D€ TR HEA>0
7T()‘|t): (a+n— )

0 if A <0.

For an estimator \ = S\(T), the expected posterior utility becomes

UMNO|t) = E{U(j\,/\,e)|t}:5{iexp{1—i}|t}
(t+ )t el t+ 6+ 1

Tlat+n—1)Jo A Xp{_ A }AamdA

< (t+ p)atnt I(a+n)

Cla+n—1) (t4 5+ N)otr

po

e (2.12)

The Bayes estimator \p maximizes U (5\, 6 | t) and it is easily seen that this maximum is
attained for the A\ satisfying

d .
—U\0]t)=0
d\

where

d ) 1
g = Lo larn)
d\ A t+B+A

t4+ 6+ A= Aa+n)
At + B+ X)

(t+0)/(a+n—1)—\
At + 3+ \) '

= (a+n—-1)

This proves (2.11). @

Corollary 2.1 The maximum value of the expected posterior utility by

el'(a+n) (a+n—1)""1

Tlatn—1 (atn)pem (2.13)




Proof. Apply Lemma 2.1 with ¢; = (¢ +n — 1)7! and ¢ = B(a +n — 1)~! to obtain
(2.13). O
Note that

B a4+ n—-1 a+n-—1

EATD),

where E( | t) is the Bayes estimator for squared error loss. Further, from (2.13) it is seen
that the maximum expected posterior utility does not depend upon the data and depends
on the prior only through «. This implies that the preposterior Bayes expected utility is
also given by (2.13). In the next section each of the group of agents using the same («, n)
obtain, with their possibly different Bayes estimators, the same expected posterior as well
as expected marginal utility.

3 The multiagent prediction problem

In this section the conjugate utility function in equation (2.8) is used. The Bayes estimator
is obtained and a G-complete-class result is presented.

Now consider group G of (Bayesian) agents and look at the problem of finding a G-complete
class of estimators of A using the expected marginal utility as the basis for comparisons
between estimators. More specifically, the problem is to find a class C of estimators of A
such that, for each estimator = C, there exists a /\1 € C with

UM, 0) > UM 6) forallfe©
UM, 0) > UM 6) for some 6 € ©.

We have succeeded in finding such a G-complete-class result for the special case where
the group G consists of two agents and the estimators under consideration are of the form
S\(t) = c1t + co. However, for the proof of our G-complete-class result the following lemmas
for the general case of an arbitrary number of agents are needed.

In Lemma 3.1 and Lemma 3.2, the expected utility U(c;T + co,0) is studied as a function
of ¢; and ¢y for ¢; > 0,7 =1,2.

Lemma 3.1 Under the conditions of Lemma 2.1

d 1——cin
—U(T 0 :
(T + e2,0) cala+n—1)+a—2

0=
d01 “

Al V
VoA
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Proof.

dCl

iU(ClT + ¢, 0) { } 0 s dccilcm(cg + ﬁ()cjfl()ci: D(a—1) {

}0<:>

} (n+ 1D)fein(ca + B) + ca(cr + 1) (a — 1)]

AN Y,
ANV

AN,

(Cl + 1)[%(62 + ﬁ) + CQ(Oé — 1)] {

< C2 {

Lemma 3.2 Under the conditions of Lemma 2.1

-

}O(:}dcln(02+ﬁ)+02(cl+1)(041){

VoI A

3 1—cn
cla+n—1)+a—-2"

Q

iUv(CliT + Co, Q) {

dCQ

AN,
VoIl A

1—(7’1,—1)61
Bcl(a—kn—l)qta—l'

}0(:)

} aleyn(ca + B) + ca(cr + 1) (a — 1)]

I1—(n—1)q
Bcl(a—i—n—l)—i—a—l'

Proof.

AV

dCQ

d
—U(a1T + ¢2,0) { des (co + )2

NIV

AV

(ca + B)[ein + caler + 1) (o — 1) {

<= C2 {

Now let (see Lemma 3.1 and Lemma 3.2)

VoA

Q

1—cn
B (c) — 0<c<1
1(¢) cla+n—1)+a—2 ¢sl/n
1 —c¢(n—1)

h =
2(¢) cla+n—-1)+a-—1 0=

11



and let n > 1 while a > 2. Then h; and hy are each continuous and strictly decreasing in

¢ with
hi(c) >0
ha(c)) >0
hi(0) =1
0)=1

Further, for 0 <c¢ < 1/n,

<~ c¢<1/n

— c<1/(n—-1)

hi(1/n) =0
hao(1/(n — 1)) = 0.

> < 1
h1<0) z hQ(C) <~ C i m (31)
and the pair (¢, cy) with
B 1
= a+n—1
_ I6; B 1 B 1
= a+n-—1 = (a+n—1> = Fh (a~|—n—1>
gives the Bayes estimator A5
Now let
S1(8) = {(c1,¢2) |0< 1 <1/n,0 < ¢y < Pmin{hi(cr), ho(cr}}
S2(B) = {(c1,¢2) | 0 < cr,60 > fmax {0, hi(c1), haler}}
(3.2)
S3(ﬂ) = {(Cl,Cg) | 0< c1 < ]_/(Oé +n — 1),6h2(01) < Cy S ﬂhl(cl)}
Si(B) = {(c,c0) | 1/(a+n—1) <y <1/(n—1),0hi(c1) < ca < Bha(ci}.

Then it follows from Lemma 3.1, Lemma 3.2 and (3.1) that U(c;T + ¢2, 0) is, for each fixed

ﬁ?
i)

?
(i)
(iid)

(iv)

increasing in ¢; and in ¢y on Si(f3)
decreasing in ¢; and in ¢ on Sy(f3)
increasing in ¢; and decreasing in ¢y on S3(3)

decreasing in ¢; and increasing in ¢y on Sy(f3).

(3.3)

Finally, the next lemma gives the behaviour of U(¢T+cz, 6) as a function of ¢ for ¢o = Shy(c)

as well as for co = ha(c).
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Lemma 3.3 For

y Co = ﬁhl(c)a (34)

as well as for

0<c< = Bha(c), (3.5)

U(cT + ¢2,0) is, forc >0 and co > 0, increasing in ¢ for ¢ < 1/(a+n—1) and decreasing
incforl/(a+n—1)<ec.

Proof.
To see this result for (3.4) note that

d d
SUT +lu(0),6) = LUCT + 2,6 leucpmior+

y J (3.6)
16, V(T + €2,0))les=ps ) 3 Bl (€).
The first term on the right hand side of (3.6) is zero by Lemma 3.1. Furthermore,
d 1
dchl(c) <0for0<c< =
so it is sufficient to show that
d = = 1
—U(cTr )| co= = = p—.
dC2U(C =+ Co, )|cz—ﬁh1(0) N 0<=c _ e Th—1
But by Lemma 3.2
d > <
d—U(cT—i— c2,0)8 = 2 0<= 2 = ; fha(c).
< < >
The result then follows from (3.1).
For a proof of the result when (3.5) holds, note that
d d
%U(CT + Bha(c),0) = %U(CT +2,0))|co=gha(e)+
(3.7)
LT + 00.0)) eysiater- - Bha(c)
dCQ 2 ca=Lha(c) de 2

with, by Lemma 3.2,

d
—U(T 0)|.,— o = 0.
. (T + ¢2,0)|cr=pha(e)

13



So, it is sufficient to show that

d ~ = 1
—U(cT ON|eo—shoc) & = ¢ 0 <= = 53—
de (C + C2, ))’2 Bha(c) _ ¢ - a+n—1
But, by Lemma 3.1,
d > <
d—U(cT +c2,0))4 = 0= c2q = 7 Phi(c)
¢ < >
and the result then follows from (3.1). ©

The above given properties of U(c;T + ¢o,0) as a function of ¢; and ¢y are summarized in
Figure 3, where the arrows indicate the direction in which U(c1T + ¢, 6) increases.

The following theorem gives our complete class result.

Theorem 3.1 Let G be a group consisting of two Bayesians, each using the utility function
(2.8) with the posterior (2.3) with the same o (o > 2) but with different B’s, 51 and Bq
with B1 < (5. Letn > 1. Then the class

C={\NT)=cT+c | (c1,65) € S*}

where S* is the closure of the set {(c1,c2) |(c1,¢2) € S1(B) N S2(B)}, is a G-complete class
of estimators within the class of linear estimators.

Proof. First note that S* is not empty and contains points (¢1, ¢2) with ¢; < 1/(a+n—1),
points (c1, c2) with ¢; > 1/(a+n —1), as well as all points (¢y, ¢y) with ¢; = 1/(a+n—1),
B1/(a+n—1) <cy < fBa/(a+n—1). This can be seen as follows. First note that, by the
definitions of S1(f3) and Sa(53)

S ={(c1,e2) [0 < er < 1/n, BiM(c1) < ez < o)}

where

m(c) = min{hi(c), ha(c)}
M(c) = max{hi(c),ha(c)}.

Further (see (3.1))

() ~ M =) = e ot (=) >0
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That S* is not empty then follows from the fact that Sam(c) — 51 M (c) is continuous in ¢
on0<c<1/(n—1).

Figures 4 and 5 summarize the properties of U(ciT + ¢3,6;), j = 1,2 as functions of ¢;
and cq, as well as the relationships between the sets S;(5;), i =1,...,4, j = 1,2. The two
cases considered are

b _ B
a—2 7 a-—
B Ba

(17) o e in Figure 3.3.

(4)

in Figure 3.2
(3.8)

To study the shape of S*, let H(c) = fom(c) — fiM(c). First, consider the case where
0<c¢<1/(a+n—1). Then
H(c) = [aha(c) — Biha(c)

B 1—c(n—1) 1—cn (3.9)
B ﬁQc(a—i—n—l—l—a—l) _ﬁlc(a—i—n—l)%—a—?

When f/(a—1) > (1 /(a—2), it follows from (3.9) that H(¢) > 0for0 < c¢ < 1/(a+n—1)
because 1 —¢(n—1) > 1—cn>0and a —2 < a— 1. When [Gy/(a — 1) < /(a0 — 2),
H(0)<0,H(1/(a+n—1)) >0 and H(c) = 0 has exactly one root, ¢,, say, in the interval
[0,1/(ac+n — 1)] because H(c) > 0 if and only if

(a+n—1)(nb —(n—1)3)+
[(a+n—=1)(B—51) + bin(a—1) = Bo(n — 1)(a = 2)[c + fa(a — 2) — Bi(a— 1) > 0.

Moreover, H(c) < 0 for 0 <c¢<¢, and H(c) >0 forc, <c<1/(a+n—1).
Now consider the case where 1/(a+n —1) < ¢ < 1/n. Then

H(c) = prhi(c) — Biha(c)
B 1—cn l—c(n—1)
- ﬁ2c(a+n—1)+a—1_610(04+”—1)+a_2

with H(1/(a+n—1)) > 0 and H(1/n) < 0. That H(c) = 0 has exactly one root, ¢} say,
in the interval (1/(a+n —1),1/n) follows from the fact that H(c) > 0 if and only if

(a+n—1)(Bi(n—1) = fon)c® +
(B = Bi)(a+n—1) = (Ben(a — 1) = Bi(n — 1)(a — 2)]c + Bo(a — 1) — Bi(ar —2) > 0.

Further, of course, H(c) > 0 for 1/(a +n—1) <c < ¢} and H(c) <0 for ¢} < c <1/n.
It now needs to be shown that, for every (cy,cz) not in S*, there exists (¢}, c,) € S* such
that

15



U T+, 0;) > U(arT + co,0;), j=1,2
(3.10)
U T+, 0;) >U(arT + c2,0;)  for some j € {1,2}.
Such (¢}, ¢}) can be obtained as follows (see also Figures 3.1 -3.3). Start, e.g., with (¢1,¢2) €
S1(B1). Then because Si(f1) C S1(fa), (c1,¢2) € S1(F2) Thus, one can, keeping ¢; fixed,
increase each of the expected utilities by increasing ¢, until (¢, c2) satisfies

co = fim(cy) = frmin {hi(c1), ha(c1)}-
Then

(i) if ¢ < 1/(av+n — 1), one can increase ¢; while keeping ¢, fixed. Each of the expected
utilities then increases until (cq, co) satisfies co = B1hs(cp). One then has reached S*
or, if not (as might be the case when (31 /(a — 2) > fB2/(av — 1) one can “slide down”
the curve ¢y = (1hi(c;) and thus increase each of the expected utilities, until S* is
reached;

(ii) if ¢; > 1/(a+n — 1), one can further increase ¢o until (cq, co) satisfies co = F1ha(cy).
Then one either has reached S*, or one can “slide up” the curve ¢y = [1ha(cy),
increasing each of the expected utilities, until S* is reached.

Similar reasoning works for the other cases. @
Remarks:

(i) We do not know whether C contains a proper subset which is G-complete within the
class of linear estimators.

(ii)In the above only nonrandomized estimators were considered. We do not have a similar
result for the class of all estimators.
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Figure 3: Behavior of U(c1T + ¢3,6) as a function of ¢; > 0 and ¢ > 0
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Figure 4: Behavior of Us(ciT + ¢2,6;), j = 1,2 as a function of ¢; and ¢, and 3; when
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4 Consensual Choice

In this section we consider the case where the group G consists of two Bayesians, B;,
i = 1,2, with the same conjugate utility function, while their priors have the same o > 2
but different 5’s. They have the same data, ¢, available. Then (see (2.11)) B;’s preferred
decision is A\; = (t + 3;)/(a+n —1), i = 1,2 and the question we are looking at in this
section is what decision A these two Bayesians could agree upon as a compromise between
their ;.

To find an answer to this question we study (see (2.12)) the joint behavior of the expected
posterior utilities U;(x, 6; | t), i = 1,2 as a function of x. To simplify the notation we put,
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for i = 1,2, 52 = ﬁz +1 and Ul(l’) = Ul(QT,eZ | t) Then

xr
U(z) = Kj———,  i=1,2,
(@) = Kl e

where K; is a positive constant independent of x. Further we suppose, without loss of
generality, that A< o

The theorems below, whose proofs are given in the Appendix, give the needed properties
of Us(z) as a function of Uy (z) for = > 0.

Theorem 4.1 Forxz >0

@(x)oc 5\2_£E (51+$ a+n+1
dt; M —ax \0+a

> Owhenm<;\1

= oowhenx:5\1
Owhen5\1<x<;\2

0 whenz = 5\2

A\

> 0 whenx > 5\2.

This theorem follows directly from Lemma A.1.

The following theorem, which follows directly from Lemma A.2, gives the convexity-
concavity properties of U as a function of U; for x < /\1 as well as for x > /\2

Theorem 4.2 For x < A\ Us(x) is a convex function of Uy(z), while for x > Ay Us(x) is
a concave function of Uy(x).

The next theorem gives the convexity-concavity properties of Uy() as a function of U, ()
for /\1 << )\2

Let A, B and C be given by (A.5), let (see Lemma A.5) s(a,n) = 8(a+n)/(a+n —1)
and let r(a,n) be the unique solution > 1 to 72 + (2 — s(a,n))r +1 = 0. Then

4 4 2
=3+ — 34+ ——m——1) —1 4.1
r(a,n) +a+n—1+\/< +a+n—1> (4.1)

and the following theorem follows from Lemma A.7.

Theorem 4.3 On (A, Ao
1) when Ay/ A < r(a,n), Us(z) is a concave function of Uy(x);

2) when Aa/ A\ > r(a,n), Us(z) is a concave, conver, concave function of Uy(z) on,
respectively, (A1, 1], (x1,12), [12, \2), where 1 < x5 are the roots to Ar?*+Bx+C = 0.
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Remark:
The result in Theorem 4.3 is not in agreement with Theorem 4.3 of van Eeden and Zidek
(1994). By Theorem 4.3 above we have concavity on (A1, A2) if and only if

— < r(a,n)
1
or (see Lemma A.5) if and only if
A+ A
( L 2) < s(a,m)
A1A2

But, by Theorem 4.3 of van Eeden and Zidek (1994) we have concavity on (g, \g) if and
only if
(A +4e)”
A1As

where
(a+n)?—(a+n)+2

ala+n)?
From the theorems 4.2 and 4.3 it follows that, when 5\2/5\1 <ri(a,n),

C={A M <A<}

4C3 = ala +n)? # s(a,n).

is a complete class of decision rules within the class of all rules. But when Ay/\; > r1(cv, n),
some of the rules in C can be improved upon by randomized rules. So in the latter case,
optimality would force the two Bayesians into the practically objectionable position of hav-
ing to resort to randomized rules to arrive at a consensual choice.

We now turn to the following question (which could be asked before the data are collected):
“Conditional on A\, what is the probability that for two Bayesians using the same data,
5\2/;\1 < ri(a,n)?”. In other words: “Conditional on A, what is, the probability that the
optimal consensual choice of two Bayesians can be reached with a nonrandomized rule?”.
This probability is given by

T _ By—r(a,n)Bh T B2 — B B
P </\ = M) — 1)) = O ()\ (o) —1) A) : (4.2)

where, by the assumption made above, AL < Ao, Bi < Do
Clearly, if the priors of the two Bayesians are not too far apart in the sense that

Be < Bir(a,n), (4.3)

they are sure to be able to reach consensus.

More properties of the probability (4.2) are given in the theorems 4.4 and 4.5 for which
the following result is needed.
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Lemma 4.1 Forn=1,2,...,

3+V8 < r(a,n+1) <r(a,n)

- ~1.
< r(a,0) 3+a—1 + (3—1—@_1)
The proof of this lemma follows immediately from (4.1).
Theorem 4.4 [f, for some N, > 0,
r(a, N, +1) < gz <r(a,N,), (4.5)
1

then the probability of consensus equals 1 for every n > N,. In particular, if
Ba/B1 < 34V,

the probability of consensus equals 1 for all n > 0.
Finally, if

62/51>3+0f1+\/(3+ 1 )2—1

a—1
the probability of consensus is less than 1 for all n > 0.

Proof: The results follow immediately from (4.2) and (4.5). Q

Theorem 4.5 If the prior B’s do not satisfy (4.3), then (4.2) is less than 1 and the
following hold:

i) for fized o, n and X\, (4.2) increases as Py — r(a,n)B1 decreases, i.e. as the priors
get closer together, the probability (4.2) increases;

i) for fized o, n, By and Po, the probability (4.2) increases as A increases;
iii) for fized cv, N, By and Po, the probability (4.2) converges to 1 as n — oo.

Proof: The first results follows from (4.2). To see the second result, note that the distri-
bution of T'/\ does not depend on A. For the third result, let

r(a,n) —1
P2 — b1
Then it follows from (4.1) that \/nA, — oo. The result then follows from the fact that

(4.2) can be written as
T —n\ 1 ﬁl
P > - —
A ( W DY SN W ﬁ)

and the asymptotic normality of (T'— n\)/A/n. Q©

A, =
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5 Selecting a predictor

The last two sections explored the Pareto boundary from which the agents would select
their joint predictor of S. However, we have side-stepped the question of how the joint
predictor might be chosen.

The answer depends on the specific context in which the predictor is being selected, in
particular which of the three paradigms describe in the Introduction is to be used. This
section investigates the implications of choosing each of these paradigms.

First consider Paradigm #1. Suppose the G agents share with the supra - Bayesian, the
conjugate prior in Equation (2.1) only with varying hyperparameters, so that Agent i has
hyperparameters, («;, 3;), ¢ = 1,...,G while the supra-Bayesian has («y, f).

One common interpretation of conjugate priors leads us to a predictor for the supra-
Bayesian. Thus, the supra-Bayesian (Agent 0) might well assume that the hyperparameters
actually represent prior knowledge gained from the equivalent of repeated observations of
the exponential random variable itself. Consequently the {«;} represent the number of
prior observations Agent ¢ has made (that is, the amount of prior information ¢ has) while
the {3;} represent the values of their respective sufficient statistics, their prior counterparts
of T, in other words.

Assuming independence of the agents’ prior data leads to a likelihood for A based on the
prior data that can readily be combined with that based on the data (7"). Then the results
of Section 2 apply directly to yield the following predictor for the supra-Bayesian (Agent
0):

£ 7 t+ 4
S=A upra— Bayesian — -, 5.1
Supra—Bay a+n ( )
the “.” subscript standing for summation over that subscript ¢ =0,1,...,G.

Although Paradigm #1 and the approach taken above lead directly to a predictor for S ,
they have some objectionable features discussed in Section 6. In any case, the second
paradigm enjoys appeal. Here instead of trying to “accumulate” the prior knowledge in
the various priors, a single prior is adopted to “represent” or “typify” them. In particular,
Genest and Zidek (1986) along with references therein suggest the use of the geometric
average of the priors to do so:

7"-Mulm_qent(A) = Hz‘G’:17TWi(/\|aiaﬁi)a

1 Zilwiai G 3.
o <)\) exp (—W), A>0

the weights {w;},w; > 0,3 w; = 1 reflecting the importance to be attached to each agent.
Thus a conjugate prior is obtained. In the simplest case w; = G~! and then

1\ 3
WMultagent()\) X <)\> €xXp <_§>7 A > 07

where @ = G~ 'a. and 3= G4,
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Note that generally the weighted geometric average of the prior densities does not integrate
to 1. However that is a non-issue. After all both the utility function and likelihood functions
are only defined up to a positive multiplicative scaling factor. Moreover, the prior gives
the same Bayes rule no matter how it is scaled. In fact, in this case Section 2 again leads
directly to a predictor -
A - t
S = AMultiagent = O[j—fb
Paradigm #2 also has shortcomings in some situations and these are discussed in Section
6. In fact, neither #1 nor #2 will be suitable in situations where the groups of agents are
required to act in their individual self interest and yet choose a compromise that recognizes
their individual positions. Paradigm #3 is most appropriate in that case.
The linearity in ¢ of (2.11) suggests restricting the search for a compromise to the class of
linear predictors S=X=cit+c,t>0. Each agent’s expected gain in utility for members
of that class appears in Equation (2.9). Selecting a compromise entails finding a solution
concept on which the choice could be made. We adopt the one advocated in Weerahandi
and Zidek (1983) that is based on maximizing the celebrated Nash-Kalai product of their
utilities, that is their geometric average:

UMultiagent<5\) = HiG;IUWi (;\7 0%)

#HG <02(61 +1) (o — 1) 4+ nei (e + ﬁi)>m
CEE o (e T G

where again the {w;},w; > 0,59 w; = 1 represent the weights to be attached to each
agent when seeking the compromise.

In general, the compromise predictor cannot be found in an explicit form even in the
simplest case where w; = G~!. Instead numerical methods would need to be used in
specific cases. Moreover, as the results of Section 4 show, the Nash-Kalai solution may not
be optimum in the class of that includes randomized rules, even in the case G = 2 unless
the conditions for consensus in that section are met.

6 Discussion

Observe that the logarithm of the conjugate utility (2.8) is

A A
— |+~ —log|<| —1]. 6.2
Multiplying the result by —1 to convert it from a log utility to a loss function leads,
curiously, to the entropy loss with the roles of A and A interchanged.
This paper assumes the agents share their data. However, sharing may not be feasible in
some situation so that Agent ¢ has only T;, the sufficient statistic from n; observations on

which to base an estimator of A\. Some of our results extend to this case in a straightforward
manner. However, generally it proves much more challenging, corresponding to the case
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where not only the (’s but also the a’s vary in the prior distributions of the agents in
Equation 2.1. Here little analytic progress can be made.

In Section 5 three paradigms were invoked to find a predictor, #1 and #2 leading to an
explicit result, while #3 leads to a criterion function that would need to be maximized
numerically. Which of these is most appropriate will depend largely on the context. The
first, #1, requires a supra-Bayesian (Agent 0) to supervise the other agents. The gain in
utility function is Agent 0’s. Even if having such an agent is feasible the derivation of
Agent 0’s predictor in Section 5 is too simplistic, supposing as it does the independence of
the agents’ prior data. In fact, their prior opinions will be shaped to a considerable extent
by common knowledge. In fact in the extreme case 3; = # and «; = o when the agents
have identical prior information. In general the supra-Bayesian would need to construct a
likelihood function that reflects the correlation among these parameters. The result will
be far less accumulated information than that reflected in the very optimistic Equation
5.1. In other words, implementation of the Paradigm #1 will require some sophisticated
modelling by the supra-Bayesian. That agent’s predictor will be much harder to find than
our analysis suggests.

If the agents’ opinions can be combined say by the organization they serve and a supra-
Bayesian approach is not feasible, then Paradigm #2 obtains. The result is formally
similar to that obtained above for #1. However, it differs in a very fundamental respect
that instead of trying to accumulate prior information as #1 does, it merely tries to deal
with the competing priors by finding one that represents them. This shows that the two
approaches differ in a very fundamental respect.

The last paradigm (#3) is the one to be used by autonomous agents required to find
a compromise predictor. This one leads to difficult computational issues. Indeed, it is
difficult to determine in general when grounds for consensus exist (that is when randomized
predictors are unnecessary.) However, Section 5 does provide an explicit criterion for
finding an optimum Nash-Kalai predictor.

Another solution criterion, a variation of a supra-Bayesian approach is also feasible. Sup-
pose one Bayesian, i, is to be selected at random from among the G agents with probability
pi- The value of a predictor or estimator (;\) will then be assessed using that agent’s ex-
pected gain in utility function. However, the predictor must be selected in advance, without
knowing which agent will be selected. Then to maximize the expected gain, the predictor
should be chosen to maximize

G
USupra = ZplU(/\agz)
=1

1 G 4 ca(er + 1) (a; — 1) + ney(e2 + 55)
(er + 1)+t ;pz ( (2 + B;)™ ) |

This and other solution criteria remain to be explored in future work.

25



A Appendix

Lemma A.1 Fori=1,2 and x > 0,

SYit) ) (N — ).
T x (a+n )(§i+:c)a+”+1()\l )
Proof
dU;(zx) 1 x
T v G F e R

_
(51 + x)a-i—n—l—l

Bi+t—(a+n—1)x)

1 .

= (a+n-— 1)W(Ai — ).

Lemma A.2 Forxz >0, x # 5\1,

LU, . K(x)

xT) =
az ™ T,
where K(x) > 0 for x > 0.

Proof Let g(z) = dUs(x)/dU;(x). Then

(1)
d?*U, dU, dg(z)/dz
079 = an W = ) e
with (see Theorem 4.1)
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dg(x) . d do—z (6 42\
dx dx 5\1 —r \0a+x
kN N a+n+1
A A N
dx AN — 52 +x
B 5\2 . 5\1 (1 - 52 N 61>a+n+1
(ZL‘ — 5\1)2 52 +x

o — M\ 6y — 0\ 8y — 6y
+ (a+n+1)(= +1)(1-
e (3 (1-520) E

H+2\T 1 1 (=
= (1 $> = <2 A1(51+$)
09 + 52+$Qj—)\1 T — M

(A.4)

0y — 0 Q
+ (a4+n+1)=2 - 1(x—)\2)>.
The result then follows from (A.3) and Lemma A.1. Q@
Let

A=—(a+n)?
B=(a+n—-1)(A+X)(a+n) (A.5)

C = =2\ M(a+n—1)(a+n)
and let H(z) = Az? + Bz 4 C. Then (see Lemma A.2) for z # A,

eUy, o H(z)
d—UIQ(x) = —K(x)(x e (A.6)

The needed properties of H(x) are given in the following lemmas.
Lemma A.3 Fori=1,2, H(\;) <0.
Proof For i =1,2
H(\) = AN+ B\+C=
= —(a+n)2\?
+ (a+n—1)A + M) (a+n)\
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— 220 M(a+n—1)(a+n)

= —XN(a+n)?-Ahla+n—1)(a+n)<0. Q
The following lemma follows directly from the definition of H(x).

Lemma A.4 For the derivative of H(x) with respect to x we have

——H(z) | _ 5

ZE:)\Q
= 2a+n+2)(a+n—Dh+ (a+n—1)A + X)(a+n)
=M= M)a+n—1D(a+n+2) =25 —2\(a+n—1) <0.

The next lemma gives conditions under which Az? + Bz + C = 0 has two, one or zero
solutions.

Lemma A.5 Let

s(a,n) 8@ 1 (A.7)
Then
< A <
B2 —4AC{ = 0= 22! = Yr(a,n)
> S

where r(a,n) is the unique root > 1 of r? 4+ (2 — s(a,n))r + 1 = 0.
Proof First note that

B? —4AC = (a+n—1)2(A + M) (a + n)?

—8(a+n)3(a+n— 1)

< 2 2 <
A1+ A9)?
= 0= ( 1A+A 2) = o s(a,n).
> A1 g >
Further, because s(a,n) > 8, r2 + (2 — s(a,n))r + 1 = 0 has exactly two roots, rg < ry,

say, with rp < 1 < ry. @

In the next lemma, assuming B? —4AC > 0, the location of the roots of Az?+ Bx+C =0
is investigated.
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Lemma A.6
B> —4AC > 0=> )\ <21 < 2o < T3 < A,
where xy mazimizes Ax® + Bx + C and x, < x5 are the roots of Az? + Bx + C = 0.

Proof First note that the lemmas A.3 and A.4 imply that x5 < )\2 Further, B > —2A)\
is equivalent to B2 > 2AB>\1 So, in order to show that zy > )\1, it is sufficient to show
that 4AC > —2AB\,. But

4AC > —2AB)\, <= —2C > B\, +—

(n+a—1)n+a)h+ ) <4n+a—1)(n+a)k.

But
(n+a) <2(n+a)

and 5\1 + 5\2 < 25\2 which proves t}}at To > ;\1. Finally, given that xq > ;\1, it follows from
Lemma A.3 with ¢ = 1 that z; > ). V)

From the above lemmas we get

Lemma A.7 On (5\1, 5\2)

1) when T < r(a,n)

2) when 5\—2 > r(a,n)
<0 wh6n5\1<x<$1
=0 when 5\1 =1

d*Us,

d—U%(x) >0 whenx <x < X9

=0 when x = x9

<0 whenxy < x < Ag.
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