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Abstract
Here we define estimators based on minimizing the median of a loss function in the Bayesian context.
For these estimators, we establish /n-consistency, asymptotic normality and efficiency. We contrast the
asymptotic behavior of these medloss estimators with the n'/3 asymptotic behavior of the least median of
squares (LMS) estimators and the least trimmed squares (LTS) estimators which are \/n-consistent. The
performance of Bayesian medloss estimators is thus intermediate between the LMS and LTS estimators

since they use an actual median but still get \/n-asymptotics.

1 Introduction

The main ideas of Statistical Decision Theory were proposed by Wald [24]. Later, in their book ” Theory of
Games and Economic Behavior”, von Neumann and Morgenstern [23], hereafter vINM, developed axiomatic
decision theory for choice behavior in a Frequentist context. Their theory influenced the final shape of
Statistical Decision Theory, Wald [25]. In the Bayesian context, Savage [18] extended vINM’s reasoning by
providing other axioms for the maximization of expected utility to be the criterion for decision making in a
subjective probability, i.e. Bayes setting.

However, there are well-known criticisms of the axioms for the existence of vINM’s and Savage’s expected
utility representations. For instance, the Allais paradox, Allais [1], and Ellsberg paradox, Ellsberg [9], show
that vINM’s Independence axiom and Savage’s Sure-Thing principle contradict real life decision making.
Consequently, various alternatives to the expected utility models have been proposed.

Manski [12] constructed quantile utility models in a Frequentist context and proposed that the quantile of
the utility function should be maximized. However, Manski’s approach was not axiomatic. This led Machina
and Schmeidler [11], in the Bayesian context, to consider axiomatic models for decision making that did not
rest on expected utility. However, their approach does not cover quantile utility models. Most recently
Rostek [15] has proposed an axiomatic foundation for Quantile Maximization in the Bayesian context. Her
axiomatization means that the best decision should maximize the p!" quantile of the utility function, or
equivalently to minimize the (1 — p)'* quantile of the loss.

In a statistical context, Rostek’s result justifies using quantiles of the loss, and in this paper, we choose
the median of the loss, hereafter called the medloss, i.e. we take p = 0.5. The median is appropriate because
the non-negativity of the loss means that if the loss function itself is regarded as a random variable, it
has a right skewed distribution, often strongly right skewed. For such distributions, the median is a more
reasonable measure of location than the mean is. In addition, in terms of prediction, using the median helps

avoid overprediction and underprediction in terms of the loss.



Parallel to the Bayes estimate or posterior expected-loss estimate in classical decision theory, we define

a posterior medloss estimate by

o(z™) = i d L(d(z"),© 1
(") argmin med | (d(z"),©), (1)
where ™ = (z1,...,x,) are the realizations of the n random variables X" = (X1,...,X,), £(d,0) is the

loss function, d(x™) is the estimate for 6, D is the decision space, and ﬂ%g‘eg)L is the median of the loss £
under the posterior density m of © given z™. Our main result is that these estimators are y/n-consistent,
asymptotically normal and efficient.

To the best of our knowledge, no one has provided an axiomatization in the frequentist context which
implies that minimizing the medloss is the appropriate criterion for choosing an estimator. We conjecture
that this can be done, although we do not do so here.

Note that the least median of squares (LMS) estimate is the frequentist version of our median-loss
estimate for regression problems. The LMS estimate was introduced by Rousseeuw [16] to estimate regression
parameters because of its high robustness to outliers. The consistency of the LMS estimate in nonlinear
regression models was established by Stromberg [20]. However, it was also shown to have a slow rate of

convergence in the linear regression setting by Andrews et al. [4], see also Kim and Pollard [10].

In addition to the Bayesian version in (1.1), we can define the Frequentist medloss estimator for 6 by
oX™) = in mi dL(d(X™),0 2
(X") = arg min min med £(d(X™"), ), (2)

where H}l{%d[: is the median of the loss £ with respect to X™ under the distribution Py. We make use of this

definition in a nonlinear regression setting. Indeed, consider the nonlinear regression model
yl:h(xlvﬂo)+u’u ’Lil,,’ﬂ
The LMS estimator and the two-sided least trimmed squares (LTS) estimator are defined by

Bn = arg Inﬂin median[yi - h(ﬂ?i, 6)]25

1<i<n
and
h
B'ELLTSJL) = arg min Z rﬁ] (ﬂ)7
St

respectively, where r[gi] (3) represents the i*" order statistics of squared residuals r2(3) = {y; — h(=z;, 3)}2,
and the trimming constant h must satisfy 5 < h < n. Here we extend the existing asymptotic results for the
LMS estimators to the nonlinear regression setting and for the one-sided LTS estimators to two-sided case.
We find the LTS estimators are /n-consistent and asymptotically normal but not efficient, and the LMS

estimators exhibit n'/3-asymptotics. The Bayesian medloss estimators represent a good tradeoff between



the rate of the LTS estimators and the use of the median in the LMS estimators. This suggests that the
Bayesian medloss estimators are to be preferred over the LTS and LMS estimators.

In general, the medloss estimators in the Bayesian and Frequentist contexts have nice properties such
as high robustness to outliers and to the choice of the loss function, and good prediction. We also suggest
that the medloss estimators should be appropriate when the underlying distribution is asymmetric or heavy-
tailed.

The rest of this paper is organized as follows. In Section 2, we present the consistency and asymptotic
normality of posterior medloss estimators. For comparison, we also state the asymptotic results for LMS
estimators in Section 3 and for two-sided LTS estimators in Section 4. In Section 5, we summarize the

implications of our work.

2 Consistency and Asymptotic normality for Bayesian medloss es-
timators

Let X' = (X0, X1, ,X,) and define the posterior medloss estimator d,, = 6,(X{) to be the one which

minimizes the medloss

My(@) = _med £(a.0).

Consider the setting of Borwanker, et al. [5], in which the consistency and asymptotic normality
are established for Markov processes thereby implying the analogous results for IID cases. Suppose that
X0, X1, Xo,- - are random variables forming a strictly stationary ergodic Markov process and taking values
in a measurable space (S, Bg). The stationary initial probability distribution and the transition probability
function of the process will be denoted by Py(A) and Py(y|A) for y € S and A € Bg respectively, where
6 € © C R. Suppose that there exists a o—finite measure p on (5, Bg) such that Py(A) and Py(y|A) are both
absolutely continuous with respect to p with densities f(z|0) and f(y, 2|6) respectively. For 6 € ©, denote
by Py the measure on the product measurable space determined by the initial probability distribution and
the transition probability function. Given the observations zjy = {zo,x1, -, Zn}, the log likelihood function

of the process is defined by
In Ly (6, 25) = In f(20l6) + 3750 f (i, xi116).

Moreover, let 6y be the true parameter and Py = Py,. Borwanker, et al. [5] suggested that In f(z(]0) in the
above expression may be neglected in the large sample theory. Consider the following assumptions with the

observations .



Assumption 1.1: The parameter space © is an open interval in R. II is a prior probability measure on
(©,F), where F is the c—algebra of Borel subsets of © and II is absolutely continuous and has a density 7

with respect to the Lebesgue measure on R.

Assumption 1.2: Suppose that % In f(xo,21]0) and 68—;2 In f(zo,x1]0) exist and are continuous in 6 for

almost all pairs (zq,z1)(p X p).

Assumption 1.3: For every 0 € O, there exists n(f) > 0 such that
jo [sup{‘aa—;lnf(Xo,Xlw’) 10— 0| < n(6),0 € eH < .
Assumption 1.4: For every € © and any € > 0,
—00 < Eg[sup{ln% 110 —0'1>¢60 €0} <0.
Assumption 1.5: Let

i(0) = —Fp| 2z In f(XO,X1|9)}, for f € ©.

It is clear that i(6) < oo for all # € ©. Suppose that i(f) > 0 and () is continuous in 6.

Assumption 1.6: The proper prior density 7 is continuous and positive in an open neighborhood of the

true parameter 6.

Before showing our main result, we need the following lemma for the asymptotic normality of the MLE

in the setting of Markov process.

Lemma 1 (Theorem 2.4 of Borwanker, et al. [5]). Under Assumptions 1.1-1.5, there exists a compact

neighborhood Uy, of Oy such that
(i) 6, — 0y a.s. and (i) nV/2(6, — 0p) 5 N(0,iy "),
where 0,, = 0,,(x}') = arg sup In L, (6, z7).
9€U90
Under Assumptions 1.1-1.6, now we show the asymptotic normality of the posterior medloss estimator,

which is an median-loss analog of the asymptotic result for the posterior risk estimator in [5].

Theorem 1. Let a Markov chain {X,,,n > 0} satisfying all of the above assumptions. Let §,, = 6,(x0, * ,Zn)
be the posterior medloss estimator of 0 for all (xg, 1, -+ ,2n) and all n with respect to a loss function L£(0,a)
satisfying the following conditions:

(i) £(0,a) = 1(0 —a) >0,



(ii) Utr) > 1(t2) if [] > [tal.
Moreover, suppose that there exist a non-negative sequence {a,} and monotone increasing continuous
function K(-) such that

(#ii) For any real number c,

li dlanl((T Y2)] — med [K(T =
A | med{anl((T + ¢)/n'/%)] = med[K(T + )] =0,

where T = /n(© — én), 0, is the MLE of Oy and TrlLed 1s the median with respect to T given X™,
T|X"
(iv) 1/2 is the continuous point of the distribution of K(Z), and
(v) medz K(Z +m) has a unique minimum at m = 0, where medy is the median with respect to Z having

a normal distribution N(0,iy").

Then we have
6 — 0y a.s.Py and n*/?(0y — 5,) 5 N(O,ial)-

To prove Theorem 1, we need the notion of the convergence in quantile, Shorack (2000), and Shorack’s

Proposition 1.

Definition 1. For any distribution function F(-), the quantile function is
K(t) = F7Y(t) =inf{z : F(z) > t}, for 0 <t < 1.

Now denote by K,, the quantile function associated with the distribution function F,, for each n > 0. Then
K, converges in quantile to Ky, denoted by K, g Ko, if K, (t) — Ko(t) at each continuity point t of Ko(t)
in (0, 1).

Lemma 2 (Shorack [19]). Using the same notation as in Definition 1,
F, 5 FR = K, 2K,
Now we can prove Theorem 1.

Proof. We prove Theorem 1 in three steps. The first shows that W,, = n'/2 (én — 0p,) is finite a.s. and the
second step shows it goes to 0 a.s.Py. Then we complete the proof by using the Slutsky’s theorem and the

asymptotic normality of én.

1. First, for T = n'/2(0 —6,,),

lim sup,,a, M,,(6,,) < lim supnanMn(én)

= lims d l(©—0
im supnanw(%l‘exn) ( n)

= lim supnjlqll;e(d [anl(T/n/?)].



Moreover, |med[a,l(T/n'/?)] — medZ[K(Z)]‘ < ‘med[anl(T/n1/2)] — med[K(T)]‘ + ’med[K(T)] —
medZ[K(Z)]’ — 0. The first term goes to zero based on the condition (iii) of the loss function.
By Theorem 3.2 of Borwanker, et al. [5] that the density of 7' converges to that of Z in total variation,

we have the convergence of T to Z in distribution because

Fr(e) ~ Fz(o)] < [ " ir(e) — f2(w)du

< [ 100 = patwldu — 0.z,

where Frp(-) and F(-) are the cdf’s of T' and Z, respectively, and fr(-) and fz(-) are the corresponding
pdf’s. Further, by the continuity of K and the Continuous Mapping Theorem, K (T) converges in
distribution to K(Z). Thus, by Lemma 2, medK(T) — medzK(Z), which implies that the second

term converges to zero. So,

lim sup,, a, My, (6,,) < lim sup, a, M, (0,,) < medz K (Z). (3)

. Now we will show nl/z(én —p) = W, < c0a.s. by using the argument of Borwanker, et al. [5], but

here we consider the posterior medloss instead of the posterior risk.

First, suppose that the statement W,, < coa.s. is false, then for every M > 0, there exists a set Az
with Py(Apr) > 0 such that |W,(x)] > Mi.o. for z € Ap;. Without loss of generality, we can assume

that W,,(z) > M i.o0. Then, for the subsequence {n;} where the inequality holds, we have

A, My, (0p,) = an, med (O —6y,)

(O] X M)

r T s

= med anil<+17vvl)}

T|X"1¥ L ni /2

» T+ W,,

= ped _”ml(W)I{TZ*M}}
r T+M

= ned {ant (W)I{ﬂw}]

— HledZ |:K(Z + M)I{Z+MZO}:|

by condition (iv). The inequality holds because X/I;4; < X for any non-negative random variable
X and an indicator function I with any set A. Note that K(Z + M)I{z >0y is a non-decreasing
function of M for each fixed Z. So, by Tomkins’ corollary in [21], for the median version of the Lebesgue

dominated convergence theorem, we have

lim medy [K(Z + M)I{ZjuMzo}}

M —+oc0

:medZMlim [K(Z + M)I{Z—&-MZO}}

— 400

=K (+00) > medz K(Z).



Therefore, for a set of positive probability,
liminf,, a,, M,,(§,,) > medz K (Z) > limsup,, anMn(én),

which contradicts the definition of d,,. Thus, limsup,, |W,,| < oo a.s. Pp.

Next for any arbitrary e > 0, we denote by By the set such that for « € By, |W,,| < M for every n
and Py(Bp) > 1 —e€. For a fixed € By, W, (z) is a bounded sequence, so it has a limit point m.

Assume that m # 0. Then, for the subsequence {n;} where W,,, () — m, we have

liminf a,,, M, (6,,) = liminf med [aml(w)}

n; ¢ ng T|X™i n21/2
T+ W,
> lim med [anl(#)] —€
n; T|X™i ”/2

=medzK(Z+m)—¢
>medz K(Z) —e.
Since € is arbitrary, we get liminf,,, a,, M, (0,,) > medz K (Z), which is impossible by (3). Thus, m=0
and n'/2(,, — 0,) — 0a.s.Fp.
3. Finally, the proof is completed by observing n'/2(8, — o) = n'/2(8, — 6,,) +n'/2(6, — 6o) = N(0, igh).
O
Note that conditions (i), (ii) and (iii) are true for L' loss with a,, = n'/? and K(t) = |t|. Also, since

Z has a normal distribution with median 0, conditions (iv) and (v) are satisfied. Therefore, we have the

following result.

Corollary 1. Consider any continuous posterior density of © given X™ = a™ with LP loss, i.e. L(0,a) =
|0 — alP. Assume that the median of the loss L is unique. Then for any strictly increasing functions L of

|© —d(z™)|, we have

6 — 0y a.s.Py and n*/?(0y — 5,) A N(Ovial)'

2.1 For IID random variables

For the corresponding results in an IID setting, we can follow Prakasa Rao [14]. Basically, what we need to
do is to change the setting for Markov process to IID random variables. The proofs for the results of 1ID
random variables are similar to those for Markov process. Therefore, we only provide the required settings

and assumptions for the IID case; and the proofs are omitted.



Consider IID random variables X;,1 < ¢ < n, which are defined on a measurable space (€2, 5) with

probability measure Py, 8 € © C R. Then similar to Assumption 1.2, we have

Assumptions 1.2*: Suppose Py << p, p o—finite on (2, B). Let

f(x]0) = G2 (2).

Suppose that 2 In f(z|0) and 83—022 In f(x]0) exist and are continuous in 6 for x a.e. [u].
Assumptions 1.3* to 1.5* are the same as Assumptions 1.3 to 1.5 but using In f(x|0), instead of In f(zq, z1|6).

Theorem 3 for i.i.d. random variables holds under Assumptions 1.1, 1.2*-1.5* and 1.6. This result is

verified by the following theorem.

Theorem 2. Let {X;,1 <i < n} be IID random variables satisfying Assumptions 1.1, 1.2*-1.5% and 1.6. Let
On = 0n(x1,...,2y) be the posterior medloss estimator of 0 with respect to a loss function L(a, ) satisfying

the conditions (i)-(iv) defined in Theorem 1, then we have

8, — 0y a.s.Py and n'/?(y — On) £ N(OJEI)-

3 Asymptotic results for the LMS estimator in nonlinear regres-
sion models

Next we turn to the asymptotic results for LMS estimators in the regression context. In linear regression
models, Kim and Pollard (1990) deduced a limiting Gaussian process for LMS estimators. Here, we extend
their result to nonlinear cases.

First, let ‘H be a vector space of real-valued functions h. Consider the nonlinear regression model
yl:h(x1760)+u17 1= 13"'7”7 (4)

where y;, z; and u; are the realizations of random variables Y; € R, X; € RP and U; € R, respectively, and
Bo € B C R?is an unknown true parameter for the known function h € H. Assume that the parameter space
B is compact and [y is its interior point, and that (z;,u;) are independently sampled from a probability

distribution P on RP x R. So, the LMS estimator is defined by

B = arg mﬁin mgdian[yi — h(x, B)]2. (5)

1<i<
The asymptotic results of the LMS estimator 3, in the non-linear regression models (4) rely heavily on
Kim and Pollard’s main theorem [10], so we state this theorem before giving our main result. The notion of

manageability used below is discussed in Appendix A.1.



Theorem 3 (Kim and Pollard, [10]). Consider the empirical processes
1
Eng(,0) = — ;g(mﬂ%
where {n; = (z;,w;)} is a sequence of independent observations taken from a distribution P on RP x R and
G =1{g(-,0) : 0 € ©} is a class of functions indexed by a subset © of RY.
Define the envelope Gg(-) as the supremum of |g(-,0)| over the class Gr = {g(-,0) : |0 — 6o|| < R}, i.e.

Gr(zi,u;) = sup |g(x;,u;, 0)].
9g€Gr

Also make the following assumptions:
1. Choose a sequence of estimators {0,,} for which Eng(-,0,) > supE,g(-,0) — 0,(n=%/3).
0O
2. The sequence {0,} converges in probability to the unique 0y that mazimizes Eqg(-,0), the expectation of

g(+,0) with respect to the distribution P.

3. The true value 8y is an interior point of ©.

Let the functions g(-,0p) be standardized so that g(-,6p) = 0 and suppose that the class Gg, for R near

0, is uniformly manageable for the envelopes Gr. Then we also require :
4. Eg(-,0) is twice differentiable with second derivative matriz =V at 0.

5. H(s,t) = lim aEg(-,0p + s/a)g(-,00 +t/a) exists for each s,t in R¢ and
a— 00

lim aBg(-,00 +t/a)*{|g(-,00 +t/a)| > ea} =0
for each € >0 and t € R?.

6. EG% = O(R) as R — 0 and for each € > 0 there is a constant K such that EG%I{GR>K} < €eR for R

near 0.
7. Elg(-,01) — g(-,02)] = O(|61 — 02]) near .

Now, under the above assumptions 1 - 7, we have that the process n2/3Eng(~,90 + tn_l/S) converges in
distribution to a Gaussian process Z(t) with continuous sample paths, expected value %t'Vt and covariance
kernel H, as n — oo.

Finally, if V is positive definite and if Z has nondegenerate increments, then n'/3(6, — 0) converges in

distribution to the (almost surely unique) random vector that maximizes Z, as n — oo.

Now we can state our generalization to nonlinear models. By verifying the assumptions of Theorem 3,

we have the following.

10



Theorem 4. Suppose
1. dim(H) is finite.
2. Qn = Ex[W(X,Bo)h' (X, Bo)T] is positive definite.

3. u; has a bounded, symmetric density v that decreases away from its mode at zero, and it has a strictly

negative derivative at ro, the unique median of |u|.

4. For any h € H, h satisfies the Lipschitz condition, i.e.
|h(X,01) — h(X,52)| < Lx||B1 — B2||, where Lx > 0 depends on X,

and Ex(Lx) < oo.

5. Ex||M(X, 9| < oo for & € U(Bo, R), where U(a,b) means an open ball at center a with radius b, and
R is defined for the envelope Gg.

6. Ex|h (X, B0) w| # 0 for any w # 0.
Then we have that n1/3(ﬁn — Bo) converges in distribution to the arg max of the Gaussian process
Z(0) =+ (1)07Qnb + W (0),

asn — oo, where 0 = B— By and the Gaussian process W has zero mean, covariance kernel H and continuous

sample paths.

In the following, we just outline the proof of Theorem 4; the full proof is in Appendix A. First, we recast
(5) as a problem of constrained optimization by reparametrizing 5 by [y + 6, and taking a first-order Taylor

expansion of h(zx,3) at By. Thus,
y—h(z, ) =u—N(z,€"0, (6)
where £ € (0o, 8) and £ — [y as § — 0. Then define
Jnaw(0,7,8) = Liju_p (z,0)70)<r} (T, 1),
and
ry = inf {r: st;pEnfh,:,;’u(H,r, &) >1/2}. (7)

Let 6,, = 8, — 0o be a value at which supE,, f1, z (0, rr, £) is achieved, where E,, corresponds to the empirical
0

version of the expectation under P.

11



Assume that the corresponding constrained maximization (7) for the expectation under P has a unique

solution 6y and 9. Without loss of generality, let 89 = 0 and 9 = 1. Since fj, 5 (6, 7,§) can be rewritten as

L y—n(w,0+60) 1<} (@, Y) = L{n(2,6450)—y+r>0and y+r—h(z,6+60)>0} (T, Y), (8)
we let fr2.4(0,7) = frewu(d,r &) and define

gh,w,u(97 5; 5) = fh,w,u(ea 1+ 67 g) - fh,m,u(oa 1+ 67 5)

Applying Kim and Pollard’s main theorem in [10], here stated as Theorem 3, in the present setting will
establish our result Theorem 4. So it suffices to check whether all the required conditions of Kim and

Pollard’s theorem can be satisfied in the nonlinear case. The verifications are shown in Appendix A.

4 Limiting results for two-sided LTS in nonlinear regression mod-

els

Since it is based on a median, the LMS estimator can be viewed as a trimmed mean estimator with a
trimming proportion of 50% on both sides. The more the trimming, the fewer data points that contribute
directly to the estimator. Consequently, the rate of convergence slows from root-n to cube root n. To
verify this intuition, we see that relaxing the trimming proportion gives the n'/? rate of convergence and
asymptotic normality. In this subsection, we propose the two-sided LTS estimator in nonlinear models and

establish its limiting behavior. Our work is based on the n'/2

-convergence and asymptotic normality of the
one-sided LTS estimators that were shown by Cizek [6, 7].
Consider the nonlinear regression model (4) and a sequence of the variables {z:}:cn satisfying
supE{ sup |P(Blo?) - P(B)|} — 0,

teN Beo], .

as m — 0o, where o} = o(xy,4_1,...) and otf = o(x¢,Ty1,...) are o-algebras. The two-sided LTS estimator

is defined by

ﬁSLLTS,h) = arg ngn Sn(ﬁ)7 (9)

where S, (0) =4 ZZ_hH r[%.] (8), r[Qi] () represents the " order statistics of squared residuals r?(3) =
{y; — h(zi, 8)}?, and the trimming constant h satisfies & < h < n. Denote the distribution functions of u;
and u? by F and G, the corresponding pdf’s by f and g, and quantile functions by F~! and G™1, respectively.

The choice of the trimming constant h depends on the sample size n, so consider a sequence of trimming

constants h,. Since h,/n determines the fraction of sample included in the LTS objective function, we

12



choose a sequence for which h,, = [An], where [z] represents the integer part of z so that h,/n — X for some
1/2<A<1.

Cizek made assumptions for the asymptotic results of the one-sided LTS estimator. They can be classified
into three groups: Assumptions D, H and I, where assumptions D are for the distributional assumptions for
the random variables, assumptions H for the regression functions h and assumptions I for the identification
setting.

Our main results for the two-sided case also follow these assumptions, except for Cizek’s assumptions D3
and 12. We make two alternative assumptions 7'D3 and T'I2 for the two-sided case in place of his D3 and
12. Specifically, we have

Assumption T'D3 : assume that for A € (0,1),

def . . -1
Mgg = ﬁlgéze(ﬂg,ég)gﬁ(Gﬁ (A)+2)>0

for some d§, > 0. Additionally, when 1/2 < A <1, suppose that

def 1 def . 1
my = supGL; (1 —A) >0and m2 = inf G, (\) >0,
o™ supG (1) ¢t
and
d d
M, f sup sup  gp(z) < oo and My ef sup sup gg(z) < oo,
BEBzE(—oc0,my,) BEBzEe(mE ,00)

where G5 and gg are the distribution function and probability density function of rZ(3).

Assumption T12 : For any € > 0 and an open ball U(fy, €) such that BNU®(3, €) is compact, there exist
a(€e) > 0 such that it holds, for 1/2 < A <1, that
; 2 2
s B [7’1' (B)I{Ggl(1—/\)§r?(ﬁ)SG;1(/\)}} > E{T’z‘ (BO)I{G;;(1—A>§r§<ao>s<;;;<x>}} +afe).
To indicate the modifications of Cizek’s assumptions D, H and I, we denote our assumptions by T'D,
TH and T1, respectively. Our theorems for the two-sided LTS estimator on nonlinear models rely on [6, 7],
so our main results on consistency and asymptotic normality of ﬂ,(LLTS’h) stated in Theorems 5 and 6 rely on

numerous preliminary results. Figure 7 shows that these preliminary results lead to the desired theorems.

To implement Figure 1, we start with Lemma 3. Let

hn
Sn(B) = Zn—hn+1 7"[21'] (B)-
Lemma 3. Under assumptions TD2 and TH1, S, (0) is continuous on B, twice differentiable at ﬂ,&LTS’h”)

if ﬂ,(LLTS’h") € U(Bo,9), and almost surely twice differentiable at any fized point 5 € U(Bo,9).

13



’ Theorem 6 : Asymptotic Normality ‘

[

Proposition 1 : Asymptotic Linearity ‘

’ Theorem 5 (ii) root-n consistency Proposition 2

SN [ L\

Lemma 3 I Theorem 5 (i) consistency | Lemma4 | Proposition 3 | Lemma 5 I Lemma6 | Lemma9 | Corollary2 | Lemma 10 ‘
l T T ] 4 1/ % I
Figure 1:

Lemma 7 ‘ ’ Lemma 8 ‘

Denote I[T[Qn—h,n+1 8).2, () (r7(8)) by Io(r3(8)), Wy(wi, B) by hiy and his(xi, B) by hjs. Then we have

= 2 rHDLEE), (10)
=2 Z r2(B)hL(ri(B)),
Sn(8) = 22{%(%? = (BN (rE(8))

almost surely at any B € B and 8 € U(By, ), respectively.

The proof of this lemma is substantially the same as Cizek’s, so we omit it here.

Next we establish the consistency and asymptotic normality of B(LTS ) in three stages using Cizek’s
idea of asymptotic linearity, which we establish first in Proposition 1.
To investigate the behavior of the normal equations S/, (3) = 0 around [ as a function of §— By, consider

the difference
D(t) = S),(Bo — n~/?t) — S/, (Bo)

= —22 |:{y1 - h(xiaﬂo _ n_l/Qt)}h%(l'i,ﬁo _ n—l/Zt)IQ(TiQ(ﬁO _ n_l/Qt))

i=1

— {yi — hwi, Bo) Yl (i, Bo) T2 (7 (50)) |-
Here, t € Tpy = {t € RP|||t|| < M}, where 0 < M < oo is an arbitrary but fixed constant.

Proposition 1 (Asymptotic Linearity). Under assumptions TD, TH and TI, and for A € (1/2,1] and
M > 0, we have

_ D!t
=12 sup || 22
teTp

nl/QthC,\H =0,(1), as n — oo,
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where Qp = Ex [ (X, Bo)l' (X, 0)"], Cx = (A — 1) + (BEE=2)[H(A) — H(1 = N)], H(A) = f(q2) + f(—q»)
and ¢y = \/G7H(N).

Now we can state our two results on consistency and asymptotic normality.

Theorem 5 (Consistency). Under assumptions TD, TH1, TH5 and TI, the two-sided LTS estimator
(LTS hn) minimizing (9) is weakly consistent, i.e.

LTS,hn) P
T(L ) 2, Bo, as n — oo.

LTS,h :
(LTS ha) o

In addition, if all conditions of H are satisfied. Then (3 n-consistent, i.e.

Vvn( (TS ) Bo) = Op(1), as n — .

Theorem 6 (Asymptotic Normality). Suppose that assumptions TD, TH and TI are satisfied and C # 0,

then we have
VA(BET) — 5) 5 N (0, Vo),
where Vay = (Cy\) 203, }:1, C\ and Q;l are defined in Proposition 1 and o3, = Eu?I[G_l(l_,\)SG—l(,\)] (u?).

The proofs of these results are substantially the same as the proofs in [6, 7] for one-sided LTS estimators,
so we omit the details. We only extend the required lemmas and propositions for Cizek’s one-sided LTS
estimator to our two-sided situation. Since the objective function giving the two-sided LTS estimator is not
differentiable, we consider the behavior of the ordered residual statistics (Lemmas 5 and 6). Given this, the
proof of the asymptotic linearity of the corresponding LTS normal equations as stated in Proposition 1 can
be given. Then combining these results with the uniform law of large numbers (Lemma 4) and stochastic
equicontinuity for mixing processes, we can prove the consistency and rate of convergence of the two-sided
LTS estimates (Theorem 5). Finally, using Proposition 2 below, the proof of the asymptotic normality of
the two-sided LTS estimate (Theorem 6) will follow from the consistency and asymptotic linearity of the
LTS normal equations.

Now we can begin giving the formal proofs of Proposition 1, and Theorems 5 and 6. We start with

Lemma 4.

Lemma 4 (Uniform weak law of large numbers). Let assumptions TD, TH and TI1 hold, and assume that
t(x,u; B) is a real function continuous in B uniformly in x and u over any compact subset of the support

of (x,u). Also, we suppose that Esupl|t(x,u;)|'° < oo, for some § > 0. Then, letting Is(8; K1, Ky) =
peB

I[Ggl(liA)iKl’Ggl()\)+K2](T?(ﬂ)), we have

1 n
sup ‘* Z[t(xi,ui; B)I3(8; K1, K2)] — E[t(xi, u; B)I13(8; K1, K2)]| — 0,
BEB,K1,K:€R! TV =1

as n — 0o in probability.
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The proof is in Appendix B.1.

Next, note that Cizek’s Lemmas A.2 - A.5 are valid for A\ € (0,1) with our assumption T'D in place of
his assumption D. So we only state these lemmas here without proofs. Denote the i*" order statistics of the
squared residuals r2(3) = (y; — h(z;, 8))? by rﬁ] (B) used to define the two-sided LTS estimator in (9). Thus,

we have the following.

Lemma 5. For A € (0,1) and h,, = [An] for n € N, under assumptions TD, TH1 and TI1, we have

sup ’I“[Zh“](ﬁ) — GEI(/\)‘ — 0, (11)
BeB
as n.— 0o in probability. Moreover,
Fo, = Byup|rt, () - G5 ()] =0, (12)
€

as n — oQ.

Lemma 6. For A € (0,1) and h, = [An] for n € N, under assumptions TD, TH1 and TI1, there exist

some € > 0 such that

Vno sup

18,8 = G5 )| = 0,(1)

BEU (Bo,e€)
and
— 2 -1 —
Eu, =B{vi sw |13, (8)- G5 0|} =0,00),
BeU(Bo,e€)
as n — oQ.

Lemma 7. Let assumptions TD, TH and TI1 hold, and suppose that A € (0,1),7 € (1/2,1), and h,, = [An]
forn € N. Then, we have

T[Z}Ln](ﬂo - ”71/215) - T[Zhn](ﬁo) =0p(n77)
uniformly int € Tyy = {t € RF : ||t|| < M} as n — oo.
Lemma 8. Under assumptions TD, TH1 and TI1, we have that for any i <n and A € (0,1),
0 _ . _
Py = P(;‘ég’l{r?(ﬁ)érﬁmw)} — Ianeayion| #0) = o(L):

In addition, under assumptions T D, TH and TI1, there exists € > 0 such that

0 _ } _ B — —1/2
i P<ae?f?50,e>‘I{rﬂméranm} Tpasi<ay ony| #0) = 0™,
as n — 0.

By Lemma 8, we have the following result.
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Corollary 2. Under assumptions TD,TH1 and TI1. For X\ € (1/2,1) and for any i < n, we have

Fe = P(zgg‘l{rfnqmﬂmST?(B)STE‘}L”]W} - I{Ggl(l—/\)grf(ﬁ)gGgl(/\)}‘ # 0)
= o(1).
In addition, under assumptions TD, TH and TI1, there exists ¢ > 0 such that

PL:P( sup |[

BEU(Bo,e)

TR S A CORL NI A I{Gﬁl(k)\)ﬁr?(ﬁ)SGgl(A)}’ 7 0)
=012, asn — .
Proof of Corollary 2. Denote A1 = {r(8) < r[zh"](ﬂ)}, By = {r}(B) > r[2n_hn+1}(ﬁ)}, Ay = {r}(B) <

—1 —1
Gy (N} and By = {r¥(8) > G5 (1=N)}. Let vin(8) = Iz L @<r2@<e, 0y e a-n<re)<a; 0y
Thus,

Vin(B) = Ia, I, — Ia,1B,.

So we have

0 < sup Uin(ﬂ)‘ = sup IA1IB1 - IA2IBI + IAZIBI B IA?IBZ
BeB BeB
<sup(la, —Ia,||IB,| +sup|la,||IB, — IB,

BeB BenB

<sup(la, —Ia,
BeB

+sup|lp, — Ip,|.
BeB

Notice that sup
BeB

Vin (6)‘ # 0 implies that either sup|la, — Ia,
peB

# 0 or sup|lp, — Ip,
BeB

# 0. Thus, we have

0 < P(sup
BeB

vin(B)] #0) < Plsup| s, = I, £0) = o(1).
BeB

7é O) + ]D(Sup‘IB1 - IBz
BeB

The second last equality holds by the first result of Lemma 8. Similarly, using the above arguments with

the second result of Lemma 8, we can prove that there exists ¢ > 0 such that

P( sup
BeU(Bo,e)

vin(8)] #0) = O(n1/2).
O

Using the same technique as in the proof of Corollary 2, we have the following which is parallel to Cizek’s

Corollary A.6.

Proposition 2. Let assumptions TD,TH1 and TI1 hold and assume that t(xz,u; ) is a real-valued function

continuous in B uniformly in x and u over any compact subset of the support of (x,u). Moreover, assume
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that Esup t(x,u;ﬁ)‘ < 0o. Then we have that for X € (1/2,1),
BeEB

E{Zlellé t(wi, ui; B) [I{Tfn%ﬁlm)grf(B)STﬁhn](B)} - I{G[jl(l—)\)grf(B)SGEI()\)}} ‘}
=o(1).

In addition, under assumptions TD,TH and TI1, there exists € > 0 such that

E{ sup
BEU (Bo€)

(i, ui; B) [I{r?n_h,,+1](ﬁ>Srf(ﬁ)ST[Zhn](m} - I{Ggl(17,\)93(,@’)3@51(,\)}} ‘}
=0(n"Y?), as n — .

Proposition 2 controls the upper bound arising from applying Chebyshev’s inequality to a weighted sum
of differences of indicator functions. This sum of differences expresses the distance between residuals and

their limiting quantiles. It is stated in the following.

Proposition 3. Let assumptions TD, TH1 and TI1 hold and assume that t(x,u; ) is a real-valued function

continuous in 5 uniformly in x and u over any compact subset of the support of (x,u). Moreover, assume

that Esup|t(x,u; 8)| < co. Then we have that for A € (1/2,1),
peB
1 < .
bl 2 {tausn)[lor_, weror2,m ~ Terta-neimsron] }]
=0p(1).

In addition, under assumptions T D, TH and TI1, there exists € > 0 such that

sup
BEU (Bo,e)

1 n
vn z} {t(xi’ ui3 f) [I{T[zn—hnﬂumSTf(ﬁ)ST[th1<ﬁ>} N I{GEI(1—’\)3"3(55(}51(’\)}} }‘
=0,(1), as n — 0.

Proof of Proposition 3. Recall that Ay = {r?(8) < rfhn](ﬁ)}, By = {r}(3) > rﬁkh”H] (B)}, Ay = {r2(B) <
GEl(/\)} and By = {r?(8) > Ggl(l — A)}. By the first result of Proposition 2, for any €* > 0, we have

1 n
P(Sup -3 {t(l‘i,ui;ﬂ) [IAJBl - IAQIBzi| H > 5*)
=1

SiE(sup 1 i {t<$i7ui§ﬁ) {IAllBl a IA?IBZ} }D

peBI M i

) =0

—_

1 n
<~ B(sup ; (i, uis ) LT, — Laa T,

E<Sup t(xz; Uq; ﬁ) |:IA1IB1 - IA21B2j|
peEB
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Moreover, by the second result of Proposition 2, there exists € > 0 such that

1 n
E( sup | —= {t(mi,ui;ﬁ) {IA Ip, —1a,1B HD
BEU (Bo,e) VI ; s o
1 n
—VaE(_sw |23 {twi i ) [1a Ip, = LaTs,| }D <O(1).

BEU(Bo,e)' T i=1
Therefore, using the Chebyshev’s inequality again gives the second result. O
In what follows, we study in more detail the differences of probabilities that I (201 <P2A<IE, )

at 8 = By and 3, for sequences [3,, converging to By at y/n-rate. Our next result gives bounds for how closely

residuals at the true parameter 3y approximate residuals at 3 in a neighborhood of ;.

Lemma 9. Recall that A; = {r?(B) < ’I"[th](ﬂ)} and By = {r?(3) > T[2n—hn+1] (8)}. Denote A = {r?(5o) <
Tfhn}(ﬂo)} and BY = {r?(5o) > T[2n—hn+1] (Bo)}. Let assumptions D* and H hold and 8 € U(By,n"Y/2M) for

some M > 0. Then for XA € (1/2,1), we have, as n — 00,

1. For the conditional probability

(a) P(Laglng # La.Tn,

2:) = | (s Bo))T (8= Bo) | [HN) + HOL=N)]+ 0, (n1/2) = Op(n~Y/4), and

(b) E{Sgn Ti(ﬂo)(IA‘;IB? - IAllBl)

LEz} = (hlg(muﬁo))T(ﬂ - /80)[H()\) — H(l — )\)] + Op(n71/2)'

2. For the corresponding unconditional probability

P<IA‘1’IB‘1’ # IAJBl)

—Ex|(Wy(wi 80) (8 = 80)|[H(N) + H(1 = \)] + O(n™"/2) = O(n~1/2).
3. For the conditional probability taken over all 3 € U(By,n~"/2M)

P(38 € UBo,n™ /2 M) : LugIpy # In, I,

:n71/2sz:
j=1

:Op(n71/4)

.)

s, (@i B0) [ [H(N) + H(1 = V)] + Op(n™"/2)

4. For the corresponding unconditional probability taken over all 3 € U(By,n~*/?M),
P(Hﬁ € U(Bo.n™/2M) : LyoIpo # IAII&)
P
=020 Y B[, (i, 60)| [HON) + H(L = 0] + Oy(n %)

Jj=1

:Op(nil/z)
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where H(A) = f(qx) + f(—qx) and gx = \/G~1(N).
Proof of Lemma 9. Note that Cizek’s Lemmas A.8 holds for A € (0,1). First, the result of 1(a) holds because
P(Laolpo # Ia,Ip,|xi)
<P(Lyo # Ia,|2i) + P(Ipo # I, |%:)
=| (i B0))7 (8 = B0) £ (an) + F(=an)] + Op(n™"/2)
| (i, B0))T (8 = )| [ (1) + F(=q1-)] + Op(n~12)
= (hly (i, 50)" (8 = Bo) | [HN) + H(1 = N)] + Oy (n™Y/2) = 0,(n114).

In addition, 1(b) can be obtained by using Cizek’s result in his lemma A.8 with our 1(a), so we omit the

proof here.

Second, for the corresponding unconditional probability,
P(Ipolpo # 1a,1p,)
=ExP(Iyolpy # Ia, I, |:) < Ex|(hj(xi,50))" (8 — Bo)|[H(A) + H(1 = )]
+0,(n~1?).

Again the proof of the result is completed by using Cizek’s result in his lemma A.8.

Third, for the conditional probability taken over all 8 € U(By,n~*/?M),

.)
.)

h, (@i, 50)’[H()\) +H(1 = \)] + 0p(n~1/?)

P(368 € U(Bo,n™ /2 M) s LugIpy # In, I,

)

+ P(Hﬂ € U(Bo.n™/2M) : Ipo # Ip,

<P(38€ U(Go,n™V/2M) : Lg # In,

Snfl/ZMi

Jj=1

:Op(n_1/4).

The fourth result can be obtained by using the same techniques as in our second and third results, so we

omit the proof. O

Cizek’s corollary A.9 controls the deviation of residuals in one tail from the Taylor approximation to h.

Here, both tails must be controlled, as in the following.

Lemma 10. Under the assumptions of Lemma 9, suppose that there exists some [3 € U(Bo,n_l/QM) such

that Lo # Ia, and Igo # Ip,. Then

max{‘|7"i(ﬁ)| —gx |7“z(5)| —q1-x }

S‘(h/ﬁ(xl,f))T(ﬁ - ﬁo)‘ + Op(n_l/Q) — Op(n_1/4),

)

20



and

maX{E{‘\m(ﬁ)\ - q,\‘ xz},E{“m(ﬁ” - Q1—,\‘

<| (i, )T (8 = Bo) | + Op(n ™),

"}

where § € (6o, 3).

This lemma is a direct consequence of Cizek’s Corollary A.9.

The proofs of Theorems 5 and 6 can be obtained using Cizek’s proofs of his theorems 4.1, 4.2 and 4.3 but
with our lemmas and propositions for the two-sided LTS estimators. For the sake of completeness, we prove

Theorem 6 using Theorem 5 and Proposition 1, because Theorem 6 is the most directly useful in practice.

(LTS,hn))

Proof of Theorem 6 : From Theorem 5, we have t, = /n(8y — 3 = Op(1), as n — oco. Then using

Proposition 1, with probability approaching to 1, we have
D! (t
n~1/2 (7’:(2") — nl/QthnC’,\)

172 (D —fé”s’h“)»

+ ! 2QuOAVR(BITSM) — )
:Op(l)’

where Cy = (2A — 1) + (2EL=2)[H(X) — H(1 = \)], H\) = f(q2) + f(—qx) and gy = /GI(N).

Then by simple algebra with the definition of 875" we have
\/ﬁ(@(LLTS,hn) — Bo)
_ airgrics i{n(ﬁo)}hb(% B0) IS (Bo) + 0p(1) (13)
P QRO S (B i, o) Fa o) — IS 6o (14

i=1

First, we show that (14) is negligible in probability. Recall that r;(5p) = u;. Thus, (14) can be rewritten as

PO ) wibiy(ei o)

=1

2 <<, 3 lea-n<w<er gyl

Then our Proposition 2 and assumption 7'D2 imply that, for k = 1 and 2,

E

w2 <ur<u?, )T I{G*I(l—k)ﬁu?SG*I(A)}]’ F=0(n'?), (15)

[n—hp+1]="1=

as n — oo. Therefore, the summands in (14) multiplied by n'/* have a finite expectation

E)n1/4Uih/g($i>ﬁo)[I{u <u2<u? 3T I{G*lu—x)gu?gcfl(x)}]‘ = o(1),

2
[n—hn+1] [hn]
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and variance

va?‘{nl/4uz*h};($i> Bollguz, , ., <ut<ud, |}~ I{G—l(kx)guggc—l(x)}]}
< nl/zEX’i {h/ﬁ(x“ﬁo) 'Uar(ui ’ I{u[27L—hn+1]Su12Su[2hn]}
- I{G—l(l—)\)gung—l(A)}‘|Xi) ' h/g(xuﬁo)T}
+ ’I’Ll/Q’UCLTXi {h/ﬁ(]}“ ﬁo) . E(U,l . )I{ufn—thrl]Sufgufhn]}
- I{Gfl(l—A)guﬁngl(A)}‘|Xi)}
< OW{Bx.{Hj(ws, Bo)Hy(as, Bo) "} + var, (W (s fo)) }

= 0(1).

by assumption TH5 and the independence of x; and u;.
Now since all indicators depend only on the squares of the residual u? and the error terms u; are

symmetrically distributed by assumption TD2, we have that, for any ¢ = 1,2,...,n and any n € N/,

E{nl/4uihl/ﬁ($i’ 50)[_[{,“2 SU?SU[Q}“L"]} - I{G*I(If)\)gu?SGfl(/\)}]} = 0

[n—hn+1]

In the condition case, we get

Y4y (.
Bt ity o), <<t )
- I{G*I(l—A)Sungfl(A)}] Ulye ooy Uj—1y L1y - - ,xi_l} = 0.

Therefore, similar to Cizek’s one-sided case,

bl (s, Oollgz, , <ur<e, } — Lia-1a-n<ui<a-r (0]

forms a sequence of martingale differences with finite variances. Applying the law of large numbers for the

sum of martingale differences (14), we have

n
n*l/ZQ;IC;l Z ulhlﬁ (Ii, ﬁo) |:I{u[2n—hn+1]§u7?§u[2h,n]}
i=1
- I{Gfl(l—A)gungfl(A)}} 50, (16)
as n — oo. Thus, (14) is negligible in probability o,(1). Based on this result, (14) gives

V(BT — By)

=n"12Q; et Z ri(Bo)hiz (i, Bo) a1 (1—xn<uz<a-1 () T 0p(1)- (17)

=1
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Additionally, using the same arguments as for (14), the summands in (17) form a sequence of identically
distributed martingale differences with finite second moments by the assumptions T'D2 and T'H5. Then, by
the law of large numbers for L'-mixingales in [2], we have
1 n
- Z uhis (i, Bo)hs (i, Bo)" - Tig-1(1-n<u<c-1(0))
i=1
£> var(uihg(xi, ﬁo)) . I{Gfl(l—/\)gungfl(/\)}a

as n — 0o. Therefore, the proof of Theorem 8 for the asymptotic normality of the two-sided LTS estimator

éLTS”"”") is completed by the central limit theorem for the martingale differences in (17) with the asymptotic

variance
Vor=C52- Q! -var[uihb(xi,ﬁo)I{G,l(PMSU?SG,%A)}] Qi
— 0.0t E{[h’ﬂ(xi, Bouilig-1(1-ry<uz<c1 )]
X [hga(xzﬁBO)UiI{G*1(1—A)§uf§G*1(A)}]T} Q!

= O3 Q" - Blhjg(wi, Bo)hig(xi, o)) - Eluilig—10-n<uz<c—10] - Q'

= C;Q . Q;l Q- 0%/\ . le

=G o5 Qs
where 02, = E[u%I{G—l(17A)Su12§G—1()\)}] and X € (1/2,1). O

5 Summary

In place of the conventional expected-loss-based estimators, we used the median of the loss to define a new
estimator in the Bayesian and Frequentist contexts. In this paper, the Bayesian medloss estimator is shown
to have an optimal rate of convergence and asymptotic normality, as in the conventional expected loss case.
However, using the median has permitted weaker assumptions. For example, we do not require any moment
conditions.

In the Frequentist context, we have also established asymptotic results for the LMS and the two-sided LTS
estimators in nonlinear regression models. The former is the Frequentist version of our medloss estimator.
However, like the linear situation, our LMS estimator only has a cube-root convergence rate. On the other
hand, the LMS estimators can be regarded as a limiting case of the LTS estimators with 50% trimming on
each side. If any fixed amount of trimming strictly less than 50% on both sides is used, the asymptotic rate
increases from n'/? to \/n in which case the usual consistency and asymptotic normality can be proved,
although efficiency fails.

Taken together these three results demonstrate that, in effect, the Bayesian approach averages over a

small region around the LTS estimator to give an estimator close enough to the LMS estimator that the
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/n-rate and efficiency are obtained. That is, the Bayesian medloss estimator is a good tradeoff between

using the actual median and using an arbitrary trimming proportion below 50%.

APPENDIX

A Detailed proof for the LMS estimator

In this appendix, we are going to verify that the LMS estimator in nonlinear situations satisfies the conditions
of our Theorem 3. Before verifying these conditions in A.4, we need results from A.1-A.3. Finally, we prove
the asymptotic results for LMS estimators in A.5. Our method here requires that we first obtain Lemma 4.1

in [10] since it is required for the detailed verification of Theorem 3 here.

A.1 Manageability

—1/3 rate of convergence for the

Manageability, proposed by Pollard [13], is a notion used to establish an n
LMS estimators, and to verify the stochastic equicontinuity conditions for showing the limiting behavior of
the LMS estimators in linear models [10].

As explained in [13], the concept of manageability formalizes the idea that maximal inequalities for the
maximum deviation of a sum of independent stochastic processes from its expected value can be derived
from uniform bounds on the random packing numbers.

Formally, let 7., = {(f1(w,t),..., fu(w,t)) : t € T}, and define the packing number D(e, F) for a subset
F of a metric space with metric d as the largest m for which there exist points t1, ..., t,, in F with d(¢;,t;) > €
for i # j. Also, for each o = (a,...,a,) of nonnegative constants, and each f = (f1,..., fn) € R", the
pointwise product a® f is the vector in R™ with i** coordinate «; f;, and a ® F is the set of all vectors a ® f
with f € F.

Then following Pollard [13], a triangular array of random processes {fni(w,t) : t € T,1 < i < k,} is
manageable, with respect to the envelopes F,,(w), for n = 1,2, ..., if there exists a deterministic function A,

for which

. fol VInA(z)dz < oo, and

e the random packing number D(z|la ® F,(w)|,a © Fny) < AMz) for 0 < z < 1, all w, all vectors a of

nonnegative weights, and all n.

A sequence of processes {f;} is manageable if the array defined by f,; = f; for i < n is manageable.
The concept of manageability extends to a definition of uniform manageability based on the maximal

inequality. Among those classes of functions which are manageable, those that are also uniformly manageable
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satisfy the extra condition that the bound in the maximal inequality is independent of R used in the envelope

Gp. See Kim and Pollard [10] for details.

A.1.1 Manageability of the class of functions f , ,(6,7) and g 5 (9,6,§)

By the sufficient conditions for manageability [10], we can easily show that the classes of functions f; 5, (6, 7)

and gp 24 (0,0,§) for nonlinear models are also manageable.

Lemma 11 (Dudley, [8]). If G is an m-dimension vector space of real functions on a set, then
VC(Cy) = dim(G) + 1,

where Cg = {z € X : g(x) >0, g € G} and VC(Cy) means the VC dimension of Cg.

TO use this result, suppose G; and Gy are the classes ¢1(6,r) = h(x,0 + 5y) —y +r and g2(0,7) =
y+r—h(x,0+ By) for any h € H, respectively. Consider

C={0,r) e R :0<g1(0,7), g1 € G}
and
Co={(0,7) € R :0< ga2(0,7), g2 € Ga}-

Therefore, by Dudley’s lemma and our assumption 1 in Theorem 6, the VC dimensions of C; and Cy are
bounded above by dim(H)+3 < co. So, C; and Cy form VC-classes, which implies that C; N Cy is also a VC
class. Now, the class of functions fj, 5. (6,7,§) or fn.zy(0,r) forms a VC-subgraph, and hence is manageable.

Recall that
Ihew(0,0,8) = frau(0,146,8) = frewu(0,1+6,8).
Since the classes F and Fy of fp .. (6,7,€) and fp 4. (0,7,&), respectively, are VC-subgraphs, the class
G=A{fi—fo: /1 € Fand fo € Fo},

is also a VC-subgraph by Lemma 2.6.18 (vander Vaart and Wellner [22]). Thus, subclasses Gg of G as defined
in Kim and Pollard [10] are uniformly manageable with the envelope
G" = sup|gn o (0,7,€)|.
Gr

By the manageability of the class of f}, 5, (6, r) and Kim and Pollard’s Corollary 3.2 in [10], we have

s;1p|Enfh,$,u(e,r, €) = Efnuu(0,7,6)| = Op(n=1/?). (18)
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A.2  O,(n"'/?) rate of convergence of r, in (3.4)
Denote the distribution function of u by I'. We have
Efneu0,7,8) = ExE[fneu(0,7,8)]

= Eo[D(W(X,€)70 + 1) = T(1(X,€)70 - 1)), (19)

where E is the expectation with respect to the product probability measure P of (z,u), EZ means the
condition expectation with respect to u given X and FE, is the unconditional expectation taken over X.
Clearly, (19) is a continuous function of  and r, which is maximized by 6 = 0 for each fixed r because

of the symmetry of u at 0. In other words, we have
SL;p Efyzu(@,r &) =T(r) —T(-r).
Thus, it follows that there exist positive constants k and A for which
Sl;p Efnzu(0,1—10,8) <1/2—ko (20)
and  Efn..(0,14+8,8) >1/2+ )\, (21)

for any 0 > 0 small enough. Let P[A, B] and P,[A, B] represent Elj4 p) and E,, I} 4 g, which have probability
measures P and P,, respectively.

By (18), we have

P 2 sup| P [ (2, €076 — 1, W (2, €076+ 1] — P (2, )70 — 1, W (2, )76 + 1]
o,r

= Op(n’l/Q).
Putting r = 1 — 5=, we get
Puh'(z,6)"0 — 1+ %, Wz, &)To+1— %]
<Oy + Pl (2,6)70 -1+ %, W (2,6)T0 41— %],

Thus by (20), we have
st;an[h’(x,f)TH — 14+ S W (@, )T+ 1 - 52] < Ay +1/2 = k(An/k) =1/2,
which implies that
rn > 1= A, /k. (22)
Similarly, by (21), there exists A > 0 such that

P[-1—6,146>1/2+ X6,

26



for all 4 > 0 small enough. Therefore,

Po[-1— 52,1452 > A, + P[-1— 52,1+ 52] > A, +1/2+ A(52) = 1/2,

which implies

A

Combining the results in (22) and (23), we get r,, = 1+ O,(n"'/2).

A.3 Conditions for Kim and Pollard’s Lemma 4.1 are satisfied in nonlinear case
Denote G% at fixed = by G%(z). Note that
|9h.2.0 (0,7 ) < Ty 5 (weym0—1-6) (W) + L 0.6 T01 145,146 (W)
for fixed x. Here the asterisk of the indicator function means that the interval may be reversed, that is,
(0 1) (W) = I(min(a,b),max(a,b)) (W)
By the boundedness of the density of u, let M < oo be the supremum of the density of u. Thus,

EZGh(a) < sup  {2MH(x,€)70}. (24)
[[6—60]|<R

Recall that we set 8y = 0. By the Cauchy-Schwarz inequality, we get that
E;Gl(x) < 2M |1 (2, €)| R,
which implies that
EGY = B, E;G(x) < 2ME, (|1 (X, §))R.
Therefore, by assumption 6 in our Theorem 4, it follows that EG% = O(R), which is required for Lemma

4.1 in [10] to establish the convergence of 6,, or 3,,.

A.4 Check the conditions of Kim and Pollard’s main theorem/ our Theorem 3

In what follows, we verify that Kim and Pollard’s main theorem holds for LMS estimators in nonlinear

models, i.e. we check the conditions of our Theorem 3.
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A.4.1 Conditions 2, 3 and 4 are satisfied

First, we use Lemma 4.1 of Kim and Pollard [10] for the pair (, ) to show that there exists M,, = O,(1)
such that

|Enhzu(0,6,6) — Egne.u(8,6,6)] < €[]|0]* + 6% + n~/3M2, (25)

for each € > 0.

To do this, consider

Egh,z,u (97 67 f) = Ez [Eff [gh,a:,u (97 67 5)]]7

where EZ[gn 2u(0,0,8)] = Eulgh,zu(0,0,£)|x] is a continuous function of 6 and ¢ for fixed z.
By Taylor’s expansion of EZ[gn 4..(6,0,£)] about § = 0 and 6 = 0, we have E¥[gp 4.(0,9,8)] =
7' (DOT Q50 + o(10]1%) + 0(6?) and

Egh.a.u(0,6,€) = (1)07Qnb + o([10]]%) + 0(6), (26)

where Qy, = E,Q% = E. [l (z, Bo)h/ (x, Bo)T]. (26) is used to verify conditions 2 and 4. However, its derivation
is long so it is differed to the end of this subsection.

By (25) and (26), we have
Enghau(0,6,€) <+ (1)07Qn0 + o(1)[10]% + 0(1)6% + €[||0]|* + 6%] + O, (n~>/%).
Since 0,, maximizes E,gp 5..(0,mn — 1,£), we have

0= Engh,:r,u(O,rn - 17ﬁ0) S Engh,m,u(9n7rn - 175)
<7 (1) Qb + (e +0(1))]6, 12

+ (e+0(1))(rn — 1) + Oy(n=2/3).
Since we proved that 7, = 1+ O,(n~1/?), we now obtain
0 < 7' (1)8; Qnbn + (e + 0(1)) 16| + (e + 0(1))Op(n~ 1) + Op(n~2/%). (27)
Note that @}, is a symmetric matrix, so we have

07 QL0
Aa < L5280 < Ay,

where A1 and Ay are the largest and smallest eigenvalues of Q5. In other words, we have
07 Qno = Aall0]|?,

which implies that v/(1)01Qx0, <~'(1)Ag]|0.]1% (.- +/(1) < 0). Thus, by (27),
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[=Aa7' (1) = (e + o(W)][I0n]|* < (e + 0(1))Op(n71) + Op(n=2/3).

Since @y, is positive-definite, Ay > 0. Taking € = _7;(1))\41 > 0, we have
[Z55A0 = o(D)][16a]1* < Op(n=2/),

which implies [|6,|] = O,(n='/3) or ||3, — Bo| = Op(n~1/3). So, condition 2 holds.
Second, condition 3 is satisfied by the assumption on (4).
Third, to verify condition 4, observe that (26) implies that Egp, 4. (6,0,€) is twice differentiable in 6 and

the second derivative matrix with respect to 6 at (0,0, 5p) is

2 2
WEgh,x,u (07 0, 60) =Fx WEU [g;b7w7u(0’ 0, ﬂO)]
= Ex2Y(1)Qx
=27 (1)Qn.

Finally, we derive the expression (26). Recall that

Egh,z,u (97 6a 6) = Ez [Ei [gh,z,u (97 63 6)”7

where EZ[gn 2 u(0,0,8)] = Eyulgh,zu(0,9,£)|x] is a continuous function of 6 and ¢ for fixed z.
By Taylor’s expansion of EZ[gp, 4. (6,9, &)] about § = 0 and § = 0, we have

B2lo(6,5,6)] =BZl9(0,0, 30)] + 67 2 Exlo(0,0, o) + 55
lr,p 0 2 0%,
5 10" g Evl9(0.0,80))6 + 8 5 E1l9(0,0, Go)]

2
42007 20 519(0,0, 60)]] + o(10]) + 0(6°).

E;[9(0,0,50)]

where we use g = gpq,u above, so gg = %ghmu.

By the definition of g5, we have E*[g(0,0, 3y)] = 0. Moreover, since

b (2,6)T0+1+6
0 0 / y(u)du — 0
h

— E%[g(0,6,¢
89 [ ( )} 89 ’If)TO 1—6

— (2, )y (W (2,)70 + 1+ 6) — W (@, (I (2, )76 — 1 - 9),

we have 2 E2[g(0,0, 5o)] = h'(z, fo)y(1) — h'(x, Bo)y(~1) = 0, because 7(1) = 7(~1)).
Similarly, we have
9 P b (z,&)T0+146 9 146

() 55 Fl9(0.6,6)] =

95 B (2,6)T0—1—6 96 J 15
= (W' (2,6)T0+1+8) +7(h'(2,6)70 — 1 - )]

— [y +6) + (-1 -9)],
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(i) gz E219(0,8,€)] = 7/ (W (2, )70 + 1+ O (2, (2, )T — 7/ (W (,)70 — 1 = 61 (2, )N (2, )",

thus we have

82

5007 Bul9(0,0, 5o)] = [y (A (z, Bo) ' (, o)) — [y (=)W (w, Bo) ' (, Bo) "]

=27(1)Q;,
where QF = 1/ (z, Bo)l (z,Bo)T for fixed z and 7/(1) = —y'(—1).

(if) 25 B2 [g(0,, 5)] 2[y(h <x €70+ 1+ 6) + (R (2,6)70 — 1 - 8)] - S[7(1+5) +(—1— )], which
implies that (%2 EZ*[9(0,0,5)] =

(iv) a&a@ET[ 0,6,8)] = %[h'(m,f)v(h’(m,f)Tﬁ +1+6) = W(z, &)y(W(z,6)T6 — 1 —6)]. Thus, we have
5253 E219(0,0, Bp)] =

Thus, we have EZ[gp +..(0,6,€)] = ' (1)07Q%6 + o(||0]|?) + 0(6?) and (26).

A.4.2 Conditions 6 and 7 are satisfied

For condition 6, since u has a bounded density and E|h'(X,&)|| < co by our assumption 6, it follows that
E(G%)? = O(R) by the same technique we used for showing EG% = O(R) in Appendix A.3.
For condition 7, recall that g .. is the difference of two indicator functions fp, ,.(0,1 + 6,£) and

Jnzu(0,1+406,8), where fp zw(0,7,€) = I{ju—p/(2,6)T0|<r}- S0, for (01,91) and (62, 02) near (0,0),

}gh,z,u(ebélagl) - gh,az,u(927 62;52)‘ S Ijle (U) + Ij:lz (u> + 123 (u) + 1:24 (u)

There are many combinations of intervals of the form Ay, As, Az and A4. For example, 41 = (—1—61, —1—02),
Ay = (1 + 82,1+ 61), A3 = (W (2,6)T02 — 1 — do, B (2,6)T0; — 1 —6;) and Ay = (K (z,&)T0, + 1 +
8o, b (2,£1)T0; + 1+ 61). In all cases the total length of the intervals A, Ay, A3 and A4 on the right is
bounded by 2|h(z, 31) — h(z, B2)| 4+ 4|02 — 61] for fixed x, where 3; = By + 0;, and &; € (8o, ;) for i=1 and 2.

Moreover, &; — [y as 6; — 0. Thus,

EZ|ghe,u(01,61,61) = ghozu(f2,02,2)|

< M2[h(x, Br) — h(x, B2)| + 4|02 — 61 ]].
By assumption 4 in our Theorem 4, we have
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|h(z, B1) — Mz, B2)| < Le||B1 — B2l = Lo [|6h — 02| ,
where L, > 0 depends on x. Therefore,
EZ|ghwu(01,61,81) = Ghou(02,62,&)| < 2M Ly ||0y — 02| + 4M |62 — 61],
and
E|gh,e.u(01,01,&1) = ghzu(02, 62, )|
= EwEi‘g}L,w,'u(ola 617 61) - gh,w,u(927 623 52)|
<2ME,(Ly)||01 — 02 + 4M |52 — 61

<2M[maz{E,(Ly), 2} [[|61 — b2 + |62 — 61]],
which implies that

E|gh,m,u(91361,£1) - gh,z,u(927527£2)| = O(Hel - 92” + |52 - 51‘) (28)

So Kim and Pollard’s condition 7 is satisfied.

A.4.3 Condition 1 is satisfied

Now we show that 6,, comes close to maximizing E,, fp ...(0,1,£), which is equivalent to saying that G,
maximizes P,(Jly — h(z,8)] < 1). Kim and Pollard’s technique needs to check whether or not the two-
parameter centered process

Xo(a,b) = n**Epgn o u(an™/3 0713 ¢(a))

— 13 Egh g u(an™?, 071 ()

satisfies the uniform tightness (i.e. stochastic equicontinuity) condition used for the weak convergence of the
process. In their lemma 4.6, Kim and Pollard [10] show that the process X, satisfies the uniform tightness.
The main hypotheses of lemma 4.6 are uniform manageability and conditions 6 and 7. In Appendix A.1.1
we have shown the classes of fj 4. and gn .. are manageable. Also, in Appendix A.4.2 we establish
conditions 6 and 7. Now X, is uniformly tight. Given this, we must show that (,, comes close to maximizing
Po(ly — h(x, B)| < 1). So, using n'/3(r,, — 1) = 0,(1), we have

X, (n130,11/3(r,, — 1)) = X, (n'/36,0) = 0,(1)

uniformly over 6 in an O,(n~'/%) neighborhood of zero. That is,

Engh,z,u(ea Tn — 17 5)

:Eghﬁzv“(97 T'n — 17 f) + Engh,z,u(ea 07 5) - Egh,z,u(97 07 f) + Op(n_2/3)7

uniformly over an O,(n~'/3) neighborhood. Within such a neighborhood, by (26) we have
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Eghzu(0,70 — 1,€) — Bgh 4.4(0,0,8) = o((r, — 1)%) = 0,(n=2/3).

Then if m,, maximizes E,, g 5 (0, 0,§) just as 6,, maximizes E,gp » (0,7, —1, &), we have m,, = Op(n_1/3).

Therefore,

Engh,w,u(anv 0,§) = Eth,gg,u(en, rn—1,€) — op(n_2/3)
> Engh,z,u(mn7 Tn — 1, 5) — Op(’n_z/g)

= Engh’m$u(mn7 07 é‘) — Op(n—2/3).
In other words, we have
Engh@vu (0"’ 0’ 5) Z SupEngh,x,u(anv 07 5) - O;D(n72/3)7
0

which means that 6, comes close to maximizing E, f, (6,1, ).

A.4.4 Condition 5 is satisfied

Consider the one-parameter class of functions {gs . .(0,0,€) : 0 € R4 € € (Bo, 8)} with § = 3 — 3. Using

the same techniques as in the verification of conditions 6 and 7, we have for fixed s and ¢,

Eﬁlgh,m,u(za 0, fs) - gh,z,u(év 0, gt)|2
=L+ B, £)75) = D(1+ (2,67 )]
HIDL+ H (0,607 2) = T(=1 4 (@, 6)7 )

By Taylor’s expansion of the first two terms at 1 and the last two at —1 with v(1) = y(—1), we have

- S
Eu|gh,w,u(*aoa§s) gha,u( ,0,§t)|2

v
=2|7(1) h'wfs)* W (2, &) ~]+o(1/a)], (29)

Tl
o
where fs € (ﬁOaﬂS) and gt € (ﬂ(hﬁt)a 68 = 50 + i and 6t = ﬁO =+ % In faCt7 ||§S - ﬂo” < HS/aH and
1€ — Boll < It/ |- As a — o0, & and & will tend to Gy. Thus we have

L(s = 0) = Jim aBlgnau(2,0,6) = ghau(—,0,6)P
=2 hm Eg|y(1)[W (2,6)"s — B (2,&)"t] + ao(1/a)|
=27(1) Eu | (, Bo) " (5 — 1)
Similarly, we can also prove that
L() = lim aBlgh (20,6 = 2y (DLW (. o) s|

and
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L) = 1 aFlgen(L,0,6)[> = 29(1) Bl (x, o)t

Thus, the limiting covariance function is

. S t
H(Sa t) = alLH;an[gh’w’u(a7 07 €S)gh,w,u(a7 07 €t>]

= %[L(s) + L(t) — L(s — t)],

by the identity 2xy = 2% + y? — (v — y)2.

A.5 Proof of asymptotic results for the LMS estimators in nonlinear models

Conditions 1-7 are satisfied, it is enough to complete the proof of Theorem 4 by verifying that the limiting
Gaussian process has nondegenerate increments.
Note that in Appendix A.4.4., since L(0) = 0, H(s,s) = L(s) and H(t,t) = L(s). Thus, by our

assumption 6, we have
H(s,s) —2H(s,t) + H(t,t) = L(s —t) # 0, for any s # t. (30)

Under (30), Kim and Pollard’s lemma 2.6 in [10] can be applied to give that the limiting Gaussian process has
nondegenerate increments. Consequently, applying Kim and Pollard’s main theorem with our assumption 3
on the positive definiteness of Qj,, we can identify the limit distribution of n'/36,,, i.e. n*/3(8, — By), with

the arg max of the Gaussian process
Z(0) =~'(1)07Qnb + W(9),

where W has zero means, covariance kernel H and continuous sample paths.

B LTS

The following results are used for the proof of the asymptotic behavior of the two-sided LTS estimator.

B.1 Proof of Lemma 4 for the uniform law of large numbers

Proof. We prove the uniform weak law of large numbers in lemma 4 by verifying the four conditions of
Andrews’ theorem 4 in [3]. First, (i) The condition of total boundedness (BD) is ensured by assumption
T1I1 for the compactness of the parameter space B.

(ii) Note that, since Esup|t(z, u; 3)]'? < oo, for some § > 0,
peEB

t(wi, ug; B)I3(6; K1, Ko) — Et(x,us; 8)13(6; K1, K3)]
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are identically distributed by assumptions T'D1 and T'D2; they are also uniformly integrable. Thus, Andrews’
domination condition (DM) is satisfied.

(iii) Additionally, the pointwise convergence of

n

%Z[t(%,ui; B)Is(8; K1, K2)] — E[t(xi, ui; 8)I5(8; K1, K2)] 5 0
i=1

at any 0 € B and K1, Ky € R follows from the weak law of large numbers for mixingales in [2].
(iv) The last condition of termwise stochastic equicontinuity (T'SE) in Andrews’ Theorem 4 [3] that
limP( sup  sup tj(xi,ui;ﬁ’,K{7K§)—tj(xi,u,-;@Kl,Kg)‘ >k) =0 (31)
P=0 \g K\, K2p' K] K}
is satisfied for any k > 0, where t7(z;, u;; 8, K1, Ka) = t(x;,u;; 3)I3(8; K1, K3) and the suprema 3, K, Ko, 3/, K}
and K are taken over the sets B, R, R,U (8, p),U(K1,p) and U(K3, p).
To see that (31) holds, first notice that for all 8 € B and K1, Ky € R, we have

sup  sup [(tr(wi, u; B K, KS) — tr(zg, us; 8, K, Kz)‘
B,K1, K20 K| K},

< sup  sup |t(xg,us 8)[I3(8'; K, Ky) — 13(5§K17K2)]’ (32)
B,K1,K28" K1, K
+ sup  sup |[t(xs,ui6) — t(zhuz';B)]IB(ﬂ;KlaKQ)‘- (33)

B,K1,K26",K{,K}
Now it is enough to show that given € > 0, we can find py > 0 such that the probabilities of the expression

(32) and (33) exceeding given k > 0 are smaller than e for all p < py.

1. Consider the expression (32). First note that
sup  sup ‘t(miauﬁﬁ/)[IS(ﬁ/§KIILvKé) - 13(5§K17K2)])
B, K1,K26" K| ,K},

<sup t(ﬂﬂi,ui;ﬂ)’ sup  sup |I3(08; K1, Ky) — Is(8; K1, K3)
BeB B,K1,K26",K{,K}

; (34)

where sup|¢(x;, u;; 3)| is a function independent of 3 with a finite expectation. In addition, |I5(5’; K1, K})—

BeB
I3(B; K1, K3)

B. Thus, if we can show that the probability

is always less than or equal to 1, so (32) has an integrable upper bound independent of

limP( sup sup |[3(8;K,KS) —I3(3;K1,Ks)| =1)=0, (35)
=0 5K KB K] K]

then we get that (34) converges in probability to zero for p — 0 and n — oo as well. So to prove (34)
it is enough to prove (35).

Our strategy for proving (34) has three steps. (1) We use Cizek’s argument that G[;,l (A) to Ggl()\)
uniformly on B for all A by the absolute continuity of Gz. (2) By the result of the uniform convergence

of G;l, we can find some p; > 0 such that for 1/2 < A < 1,
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‘(G‘;’l(l — )+ KD (G5 -0 + Kl)( < e(16M},) !
and
’(GE}(/\) +K3) = (G5 N + Ka)| < e(16M;) 7,

for any g € B, € U(B,p1) and K; € U(Kj,p1) for j = 1,2, where M, and M;>, defined in
assumption T'D3, are the uniform upper bounds in both sides for the probability density functions of

r2(B). (3) If we denote the product probability space of (z;,u;) by € and consider a compact subset

3

Q1 C Q, such that P(€21) > 1 — ¢/2, and choose p2 > 0 such that

sup  sup |12 (0, w) — (B, w) < e(16max{M,,, M, )7L (36)
BEB B'€U(B,p2)

for all w € Q; and p < p2 by assumption TH1.
Therefore, letting po = min{p1, p2} and p < pg, we can apply steps (1), (2) and (3) to get the following

sequence of inequalities. We have that

P( sup sup
B,K1,K26", K| ,K},

I3(8 K1, K3) = Iy(65 K, K)| = 1)

= P( sup sup
B,K1,K26", K| ,K}

I3(8 K1, K3) = To(85 K, K)| = 1,01)

+P( sup sup
B, K1, K", K] ,K}

Io(8' K1, K3) = Io(85 K, Ko)| = 1,921)

< P( sup sup |L(8;K.KL)— 13(5;K1,K2)‘ —1,0) + P(Q)
B,K1,K26",K{,K

< P( sup sup |L(F; K| Kb — Ig(ﬂ;Kl,Kg)‘ =1,01) +¢/2
B,K1,K26",K{,K

= P(3EBeB:r}(B)e[Gy (N + Ky —e(8Myz) 1, Gyt (A) + Ky + €(8M ) 7'

UGS (1= X) = K1 —e(8M;,) ", G5 (1= A) — Ky +€(8M,) 1)) + €/2
€ €

< va (o) + My ()
99 4N s 99\ 40,

_ ¢

= -

Thus, (35) is proved, and finally, the expectation of (32) converges to zero for p — 0 in probability.

2. Now we turn to expression (33) and prove that for any given k > 0,

limP( sup  sup |[t(zs,us;8) — t(mi,ui;ﬁ)]lg(,()’;Kl,Kg)’ >k)=0. (37)
=0 B K1, K2p' K| K},
By Cizek’s result that
B{sup|t(w:,us; 8) — tws,uss B)| } < ke,

8,8
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we have

P( sup  sup |[t(mi,ui; B) — t(wi,wi; B)]15(5; Kl,Kg)‘ > k)

8,K1, K20, K| K}

1
< fE[ sup  sup
ko Ls ki ropr Ky Ky

[t(s, ui; B7) — (s, us; B)]13(6; K17K2)H
< ke/k =,
for any p < pg. Thus, (B.7) is proved.

Consequently, the assumption of TSE in [3] is valid and the proof of this lemma is completed by applying

the uniform weak law of large numbers. O

B.2 Proof of Proposition 1 on Asymptotic Linearity
Now we can prove Proposition 1.

Proof. Recall that
Dy (t) = 5,,(Bo — n~Y/2t) — 57, (6o)

= —22 [{yi — h(zi, Bo — n_1/2t)}h'5(xi,ﬂo — Y2 (B — n %)
i=1

—{yi — (@i, Bo) Yh(2i, Bo) T2 (Bo) |

Here, 12(6) = IQ(TZQ(ﬁ)) = I[’I"2 (ﬁ)vrﬁhn](ﬂ)](rf(ﬂ)) and t € TM = {t € RP Ht” S M} For any M > 0,

[n—hp+1]

there is an ng € A such that Sy — n=/2t € U(pBo,9), for all n > ng and ¢t € Tys. Therefore, using Taylor’s

expansion for n > ny and ¢t € Tps, we have
W, By —n=1/2t) = h(z, fo) — hiy(,§)Tn~"/2t
and
Wy (, Bo — = V/2t) = Wy (a, o) — Wiy (a, €)1/ 24,

where ¢ and ¢’ are between By and By — n~'/?t. Let By(x) = h(z,3), B2(x) = hb(x,f)Tn*1/2t, Cy(x) =
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his(z, Bo) and Cz(x) = hgﬁ(x,g’)Tn_l/Qt. Thus, D} (t) can be rewritten as

1 n
Dji(;) = Z |:{yl — By(2:)}C1(2:) I2(Bo — n~/2t) — {y; — B1(2:) }C1(x:) 2(Bo)

—{yi — Bi(2;)}Ca(2;)I2(Bo — n™?) + Ba(2;)C1 () L2 (Bo — n~/?t)

— Bo(x;)Co () I2(Bo — nfl/zt)}

3

-2 ({5 = Bi () Ca (o) Ea(Bo — n™28) = Lo(Bo)]| (39)
- E_j (v — Ba(a)Calw) Lo | (39)
- Z (4: = Ba(w))Cala)[ (o — n~"/%1) = L(6h)]] (40)
+ Z Ba(a)Ca (@) 1a(0)] (1)
t Z: | Ba(a)Cu () L8 — /) — Ly (Bo)] (42)
- i [Ba (@) Calwi) 2 (B — n™/20)| (43)

i=1

Using techniques substantially like those in Cizek’s proofs for his (42)-(47), we can show that the sums in
(39), (40), (42) and (43) are O,(n'/*) or 0,(n'/?), and therefore, are asymptotically negligible in comparison
with (38) and (41), which are O,(n'/2). Thus, we omit the proofs here, except for (38) and (41).
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To deal with (38), let v;(n,t) = Ix(By — n~/?t) — I(3). So (38) can be rewritten as

n

>~ (1w = BOC}E(8 —n™"/20) — L(60)))

i=1

({0 = B, B0 w60 HE(Bo — 0™ /20) — a(60))

[
M:

1

.
Il

I
M:

7i(Bo) - R (s, Bo) - vi(n,t)
1

.
Il

I
)

{{7"1'(50) —sgnri(Bo) - ax} + {ri(Bo) — sgnri(Bo) - q1-x}

=1

+ sgnri(Bo)lax + qi-al| - hi(xs, Bo) - vi(n, 1)

[Z{n Bo) = sgni(Bo)an} - Hy(ais Bo) - vi(m.)

=1

l\D\H

+ Z{m(ﬁo) — sgnri(Bo)qi-x} - (x4, Bo) - vi(n, t)

i=1

+ " sgnri(Bo)(ax + qi-a) - K@i, Bo) - viln, 1) |-

i=1

(44)

(45)

(46)

Again, using techniques substantially like those of Cizek with our Lemmas 9 and 10, (44) and (45) multiplied

by n~1/4 can be shown to be bounded in probability for A € (1/2,1). Moreover (46) can be rewritten as

> sgnri(Bo)(ax + q1-x) - (i, Bo) - vi(n, t)

=1

=n'2(gx + @) [H\) — H(1 = N)]Qnt + O(1) + 0,(n/?).

Therefore, we conclude that

sup || > {ri(Bo) Yy (i, Bo)vi(n, 1)

teTn i=1

— 52 ar W) — HO = X)]Qnt] = 0y(1),

as n — 0o.
Finally we split (41) into two parts :

n

ByCiI(Bo) = > Wy(wi, &) n /2t - hiy(wi, Bo) I (Bo)

i=1

= (@i, B0)"n 2t Wy (i, Bo) I (Bo)

n
=1

+ Z VAT (2, &) - n TPt W (4, Bo) T2 (Bo),

i=1
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(48)



where £” is between [y and Sy — n~/?t.

Note that the supremum of (48) over ¢ € Ty is O,(1). Since

‘ Z 2 Wy (24, €7) -T2t By, Bo) I2(Bo)

1=1
gz =Y 2T R, €7) -2 By (s, Bo)

by the law of large numbers for mixingales in [2] and the uniform law of large numbers in [3] for the right

hand side of the inequality over 8" € U(8, ), we have
72 ‘tThﬁﬁ ‘T’La t hﬁ xuﬂo ’ - E‘tThﬁﬁ xZaﬂN)t' hlﬁ(ajhﬁo) )

as n — o0o. Moreover, (48) is bounded in probability because the expectation is bounded uniformly over
t € Ty by assumption THS and ||t < M.

Next we turn to (47). Similarly, split it into three parts :

> hjs(ai, Bo) 2t - (2, Bo)T2(Bo)

Zh,lﬁ(xi’ﬁo)T”_l/Qt ~hig(2i, Bo) [12(50) — I (o) (49)
e 3 (Wl B0 o o) ) — E e o) o, ) S o) (50)
+% ZE[h/ﬁ(xiyﬁo)h'ﬁ(mi,ﬂo)Tlg(ﬂo)]t, (51)

where I$(5o) = Iig-11-ny<r2(Bo)<c-1(n)y With A € (1/2,1). The supremum of (49) taken over ¢t € Ty is
Op (n'/*) as n — oo, and (50) is bounded in probability by applying the central limit theorem to (50). Again,
the proofs are omitted here because they are so similar to Cizek’s.

Finally, since

E[R (i, Bo)hiz (i, B0) " IS (Bo)]
= Bx, (W5 (i, Bo) Wy (i, B0) " - {E L1 (1-x)<r2 sy <61 ()3 1 X}
(2X = 1) Ex, [hfs (25, Bo) W4, Bo) ]
=(2A = 1)Qn, (52)

(51) can be rewritten as n'/2(2)\ — 1)Qpt, where X € (1/2,1). Thus, we can conclude that

n
sup || 37 (i, o)™/ - (e o) - (o) — /(2 = 1)Qut | = O (1),
teT i=1
as n — 00.
The proof of Proposition 1 is completed by combining all of the above results. O
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