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Abstract

Summary: Poor measurement of explanatory variables occurs frequently in obser-
vational studies. Error-prone observations may lead to biased estimation and loss of
power in detecting the impact of explanatory variables on the response. We consider
misclassified binary exposure in the context of case-control studies, assuming the avail-
ability of validation data to inform the magnitude of the misclassification. A Bayesian
adjustment to correct for the misclassification is investigated. Simulation studies show
that the Bayesian method can have advantages over non-Bayesian counterparts, par-
ticularly in the face of a rare exposure, small validation sample-sizes, and uncertainty

about whether exposure misclassification is differential or non-differential. The method



is illustrated via application to several real studies.

Keywords: Bayesian methods; case-control study; exposure misclassification; simulation-

extrapolation.

1 Introduction

In biomedical studies, the misclassification problem arises when a categorical exposure vari-
able T is not precisely recorded. Instead of T', an approximate measurement or a surrogate,
X is obtained. Replacing T" with X in data analysis without accounting for the misclassi-
fication does not generally lead to valid inference about the association between 7" and a
health-related response Y. Hence, the goal of adjustment for mismeasurement is to achieve
valid inference about the (7',Y) relationship from (X,Y’) data. In this paper, we restrict
ourself to misclassification problems on a binary exposure variable (7" =0, 1) in case-control
studies (Y = 0, 1 for controls, cases) and no other covariates at play. We consider the setting
whereby a “validation subsample” is available, i.e, for the majority of subjects only (X,Y)
data are obtained, but for a (randomly-selected) minority (7', X,Y’) are obtained. Such a de-
sign can arise when X is inexpensive and/or quick to measure whereas 7' is expensive and/or
time-consuming to measure. Table 1 described the data structure. While each cell a;; in the
validation data is fully specified (i = 0,1,57 = 1,2,3,4), only margins ags, agg, @15, @16 in the
main data are recorded.

It is sometimes sensible to assume the conditional distribution of X given T" and Y does
not depend on Y, which is known as nondifferential misclassification. In other circumstances,
the sampling scheme of case-control studies (explanatory variables are retrieved after the
diagnosis) may well lead to the so called differential measurement error, i.e. the conditional
distribution of the surrogate X given the unobservable exposure T also depends on the
response Y. When information about covariates is collected through some “self-report”

mechanism, subjects with target clinical outcomes may tend to erroneously “blame” a set



of risk factors for their conditions, or “ignore” previous exposure to avoid any connection
between behaviour and disease.

There is a large literature on correcting for exposure mismeasurement, for example Bar-
ron [1], Marshall [2], Lyles [3], Carroll et al. [4]. Most work approaches the problem from
a frequentist perspective, assuming complete knowledge of whether the misclassification is
nondifferential or differential. A quality indices method without explicit assumption of non-
differential misclassification was proposed to estimate bias to the observed odds ratio on
whole sample, when validation subsample is available [5, 6]. The simulation extrapola-
tion method and latent class logistic regression model were also developed to tackle the
problem [7, 8]. On the other hand, the dramatic improvement of computational capability
and the development of indirect simulation techniques such as Markov chain Monte Carlo
(MCMC) make it possible to explore misclassification problems from a Bayesian perspective
9, 10, 11, 12]. In fact, partial prior knowledge of misclassification probabilities is often
accessible to medical researchers, which makes Bayesian analysis an appealing approach.

Therefore in this paper, we primarily introduce a series of Bayesian methods suitable
for different misclassification assumptions. Their performance will be closely compared to
those of the maximum likelihood estimates (MLESs), quality indices (QI) method and simu-
lation extrapolation (SIMEX) method, using simulation studies and real datasets. Section 2
presents detailed methodology for the proposed Bayesian methods. Section 3 discusses the
comparative behaviours of the four methods based on simulation studies. Sections 4 and 5
present the performances of Bayesian and other methods via case-control studies with mis-
classified exposure variables and validation sub-samples. Section 6 provides some concluding

remarks.

2 Bayesian adjustment for misclassification

Let us denote the true exposure prevalences amongst controls and cases by r; = P(T = 1|Y =

i),7 =0, 1. The retrospective odds ratio describing the correlation between the response and



explanatory variable is defined as

ORy = /L=T1)

o T()/(l —’I"Q)

Sensitivity (SIV) and specificity (SP) jointly measure the magnitude of exposure misclassifi-
cation. In the scenarios subject to differential misclassification, the conditional distribution
of the surrogate X given 7' can change with Y. The sensitivities and specificities among
cases and controls can be formulated as, SN; = P(X = 1|T = 1.Y =1),SP, = P(X =
0T =0,Y =1),i=0,1. Prevalences of the apparent exposure for diseased and non-diseased
individuals are denoted by rf = P(X =1|Y =¢) = r,SN; + (1 —r;)(1 — SP,), i = 0,1. The
degree of misclassification can also be expressed by the positive predictive value (PPV) and

negative predictive value (NPV), where
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It is easy to justify that, in the main study the actual number of subjects of positive exposure
status (b;1) amongst those who are apparently exposed in either case or control group (a;s)
follows a Binomial distribution, i.e. b;; ~ Binomial(a;;, PPV;). Similarly, conditioning on
the number of cases or controls with negative apparent exposure status (a;s), the number of
truly unexposed subjects (b;4) follows Binomial(as, N PV;), for i =0, 1.

When the nondifferential misclassification condition is fulfilled, meaning the conditional
distribution of X|TY does not depend on Y, it follows immediately that SNy = SN; =
SN, SPy = SP, = SP. However it is worth pointing out that, nondifferential misclassifi-
cation does not imply equality of cases and controls regarding the predictive values (PPV;,

NPV)).

2.1 Prior distributions

The exposure prevalances rq, ry, sensitivities SNy, SNy, and specificities SFy, SP; are the

parameters of interest. By converting into a logit scale, logit(x) = log{z/(1 — x)}, the prior



information concerning these parameters can be modeled using bivariate normal distributions
[13]. The actual exposure prevalences (r;), sensitivities(SN;) and specificities (SP;) of X as

a surrogate for T are assumed to be uncorrelated of one another, with,
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It follows immediately that,

logit(SNo) — logit(SNy) ~ N(vi — v, T8 4 T3 — 2paTiT2) (3)

logit(SPy) — logit(SPy) ~ N(y1 — 2,05 + 63 — 2p36105) (4)

Our prior beliefs can be reflected through the hyperparameters, u;, o;, vi, 7, v, 0; and p;.
For instance, we proceed to set the prior distributions on the misclassification parameters as
follows. We set vy = vy, 71 = 72, 72 = 75, 07 = 05 to reflect an absence of knowledge about
the “direction” of possible differentiality in the exposure assessment, with the assigned values
to these quantities then reflecting prior belief about the extent of exposure misclassification.
Put another way, we are expressing exchangeable prior beliefs about the misclassification of
controls versus the misclassification of cases.

As a result, setting po = p3 = 1 implies that SNy = SN; and SFP, = SP;, which
corresponds to nondifferential misclassification. Conversely, setting ps = p3 = 0 implies in-
dependence of SNy and SNy, and independence of SF, and SP;. This intuitively reflects the
notion that sensitivities or specificities are free to vary by themselves, and can be interpreted
as “fully differential” misclassification. We will describe situations in between (0 < p; < 1,

Jj = 2,3) as corresponding to “nearly nondifferential” misclassification, particularly when
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each pj; is close to one. This setting is useful when investigators postulate that the nondiffer-
ential assumption might hold, and that should it be violated, the extent of violation is not
likely to be severe.

Similarly, we set p; = o and 01 = 09 to be “unbiased”, a priori concerning the direction
of any exposure-disease association. The particular choice of values is dictated by belief
about plausible values for exposure prevalence. We can then choose p; to obtain plausible

prior for the effect size.

2.2 Posterior simulation

As is common in problems with “latent structure”, we can implement Bayesian inference via
simulation from the distribution of parameters and unobservables given observables. In the
fully-differential and nearly-nondifferential cases, this amounts to sampling from the distri-
bution of parameter 8 = (1o, 71, SNy, SN1, 5Py, SP;) and latent variables b;; given observed
data a;;. It is easy to verify that in the related problem where the prior on 6 is comprised
of independent uniform distributions (or more generally independent beta distributions) for
each parameter, that Gibbs sampling is possible. That is, in the related problem each com-
ponent of # has a standard “full conditional” distribution. Gibbs sampling has the nice
features that (i) no tuning constants are involved, and (ii) proposed moves are always ac-
cepted. Therefore we adapt this approach to the actual problem at hand by implementing a
Metropolis-Hastings algorithm, using the full-conditionals for the related problem to generate
proposals. Thus tuning is still not needed. Moreover, the acceptance probability for each
proposal will depend only on the ratio of prior densities, i.e., the specified prior based on
bivariate normal distributions versus the uniform prior in the related problem. Thus we find
high acceptance rates, and in general this algorithm performs well. Note also that the same
computational strategy can be adopted in the nondifferential case, via the smaller parameter
vector 6 = (rg,r;, SN, SP). The Bayesian method is implemented in R and downloadable

from http://www.stat.ubc.ca/People/Home/index.php?person=gustaf.



3 Simulation Studies

3.1 Data Simulation

In order to demonstrate the comparative performance of Bayesian adjustment against other
statistical approaches, we conduct a simulation study for three choices of odds ratio (1.25, 1.8
and 2.5) and two choices of exposure prevalence in the control group (1o = 0.25 and 0.04). At
each combination, four misclassification scenarios concerning different levels of differentiality
are built. Data in scenario 1 are simulated under nondifferential misclassification, with
increasing degree of differentiality in scenarios 2, 3, and 4. To mimic the occurrence of
erroneously “blaming” or “ignoring” a risk factor, we let the misclassification arise across

scenarios, as follows.
e Scenario 1: (SNy, SN1)=(0.80, 0.80), (SPy, SP1)=(0.90, 0.90)
e Scenario 2: (SNo, SN1)=(0.80, 0.75), (SPy, SP;)=(0.90, 0.85)
o Scenario 3: (SNo, SN1)=(0.80, 0.70), (SPy, SP;)=(0.90, 0.80)

e Scenario 4: (SNp, SN1)=(0.80, 0.65), (SPy, SP1)=(0.90, 0.75)

For each scenario, 2000 datasets are generated to assure that simulation standard error
for a true 95% interval is 0.005. Three sample sizes (500, 960, and 1760) are considered in
data generation: (a) Z?Zl a;; = 50, a;5 + aig = 200; (b) Z?Zl a;; = 80, a;5 + a;g = 400; and
(c) Y251 aij = 80, azs + az = 800.

Three Bayesian methods, adopting nondifferential, nearly nondifferential and differential
prior distributions respectively, are applied to each dataset, to adjust for possible misclassi-

fications and assess the association between the true exposure and outcome. In this study,

data generation and analysis of simulated and real examples are all implemented in R.

3.2 Choice of Hyperparameters

According to Section 2, under the assumptions that p; = ps = pu, 01 = 09 = 0, V1 = 1y,
Y1 =" =7 T =T =7 and ; = ds =, we assign u = —1.946, 0 = 0.993 to model the

prior information that the logit true exposures are normally distributed with central 95%



probability between logit(0.02) and logit(0.5). Mild correlation between ry and r; (p; = 0.3)
is selected to allow a relatively large prior standard deviation of 1.175 for logO R around mean
0. Similarly, we set v = v = 1.675, 7 = § = 0.648 to represent the prior knowledge that the
logit sensitivity and logit specificity are normally distributed within logit(0.6) and logit(0.95)
with 95% probability. As discussed in Section 2, we set po = p3 = 1 to reflect nondifferential

misclassification; ps = p3 = 0 to express prior belief in differential misclassification.
The choice of py, ps for nearly nondifferential misclassification requires extra work. We

note that by setting ps = p3 = 0.95 we attain:
P{Jlogit(SNy) — logit(SNp)| < 0.1} = P{Jlogit(SPy) — logit(SPy)| < 0.1} = 0.3746,
and (by simulation)

P{|SN; — SNo| < 0.01} = P{|SP, — SPy| < 0.01} = 0.32252.

This seems reasonable as an encapsulation of the notion that deviations from nondifferen-

tiality are not likely severe.

3.3 Model comparison

Bayesian statistical inferences are conducted based on samples drawn from 10000 MCMC
iterations, after we discard the first 1000 simulations to diminish the effect of initial distri-
butions.

The performance of Bayesian methods is constrasted with maximum likelihood (ML),
quality indices and SIMEX methods. MLEs for model parameters under differential misclas-
sification are calculated using closed-form expressions given by Lyles Lyles [3]. A numerical
optimizer (function “optim()” in R) is adopted to maximize the log likelihood under non-
differential misclassification. The asymptotic variance of the log odds-ratio estimator is
attainable by the multivariate Delta method in these cases.

The quality indices (QI) method was developed to assess misclassification in case-control



studies [5]. It provides a simple formula for calcualting the actual odds ratio O Ry, taking
advantage of the relationship between the true exposure T and surrogate X observed in the
validation subsample: OR;y = ORx X %, where OR/T and OR/X are odds ratios for T
and X in the validation data. The asymptotic variance of log O Ry is calculated via Delta
method.

The simulation extrapolation (SIMEX) method originates in continuous measurement
error settings [14]. The method introduces artificial extra measurement error to the data
in question, in order to infer a relationship between the magnitude of measurement error
and the estimate of the exposure-disease relationship. This relationship is then extrapolated
back to the point of zero measurement error, to give an estimate which is adjusted for
this error. Recently, Kiichenhoff et al. extended the SIMEX procedure to the case of
misclassified categorial data [7]. In brief, extra misclassification is introduced by raising
the misclassification matrix to a power A > 1, for multiple values of A\. The relationship
between the point estimate of interest and A is then extrapolated back to the A = 0 setting
of no misclassification (i.e., misclassification matrix equal to the identity matrix). The
corresponding software package [15] allows different choices of extrapolation function and
different methods for the calculation of standard errors. We therefore reports multiple sets
of results for SIMEX. Note also that the SIMEX procedure is operationalized by “plugging in”
estimates of sensitivity and specificity obtained from the validation data. Thus by pooling or
not-pooling the validation data across controls and cases, one can implement SIMEX under
the nondifferential or differential misclassification assumptions respectively.

Results for all inferential schemes (3 sample sizes by 3 true ORs by 2 levels of exposure
prevalence) are reported in terms of mean-squared error, bias and sample variance of point
estimators, and coverage and average width of nominal 95% interval estimators. Results for
two particular schemes are provided in Table 2 and 3.

Results under the higher setting of exposure prevalence are explained through an example

in Table 2, where ry = 0.25, OR=1.25, Z?:l a;; = 80 and a;5 + a;s = 800. Within MLE,



Bayes and SIMEX approaches, the nondifferential estimates of logOR have smaller MSE
and sample variance, when the data truly are nondifferentially misclassified (scenario 1).
Differential methods are not as efficient under truly nondifferential misclassification, because
sensitivity and specificity are estimated separately, and therefore via less data, for controls
and cases. On the other hand, coverage of nondifferential methods deteriorates rapidly as
the true misclassification mechanism becomes more differential. The performance of Bayes
and ML methods is somehow comparable, with the former having slightly smaller overall
error rate and sample variance, yet often bigger bias when differential misclassification is
correctly assumed.

The performance of QI method is adequate when level of misclassification between case
and control group is substantial, for QI is advantageous in controlling bias to a minimal
level. Nevertheless, simulation results suggest QI point estimator tends to have larger sam-
ple variance and MSE, followed by the ML-DF estimator then Bayes-DF estimator, when
differential misclassification is correctly (or incorrectly) specified. When misclassification
is nondifferential and the MLE-NDF or Bayes-NDF procedure is applied, the QI estimate
has a 50 to 100 per cent larger sample variance compared to the alternatives, although the
property of small bias remains in this case. In general, the QI method produces accurate
but less precise estimator regardless of misclassification assumption between groups.

Note also that in comparing SIMEX to other methods in Table 2, even the empirically
better choice of extrapolation function and variance estimation (quadratic form with asymp-
totic variance) in SIMEX gives much larger bias and sample variance, shorter confidence
interval (CI) and lower coverage proportion than the corresponding Bayes or ML procedure,
for the differential misclassification scenarios. For nondifferential misclassification, SIMEX
has point estimates similar to Bayes and ML methods, yet shorter CI and smaller coverage.
This is not necessarily surprising. While the SIMEX approach is intuitively appealing, it does
not carry the large-sample efficiency guarantees that come with likelihood-based procedures.

Results for ML and Bayes procedures in the lower exposure prevalence setting are illus-
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trated via Table 3 where rg = 0.04, OR=1.25, Z?Zl a;; = 80 and a;5 + a;s = 800. The
combination of rare exposure, relatively high sensitivity, and relatively small validation sam-
ple size implies that for some generated datasets no subject is truly exposed to the risk factor
in the case or control group, i.e. a;; = 0 and a;, = 0. For differential misclassification, this
leads to W =0, ]VP\V; = 1, hence 7; = 0 and undefined loga\R in the ML-DF model.
ML-DF results in Table 3 are based on datasets without such empty cells in the validation
data. Empty cells also result in nonsensical ML estimate of logO R using numerical optimizer
in the nondifferential case. After examining results, we decide to remove such simulations
from calculating ML-NDF results when logOR is inestimable in numeric optimization or
the boundary of 95% confidence interval of logOR is beyond positive or negative 100. In
general, the problem of nearly or exactly empty cells does limit the utility of ML procedures,
particularly given that rare exposures and small validation sample-sizes are common in epi-
demiological settings. In contrast, the performance of the Bayesian procedures evidenced in
Table 3 based on 2000 simulations seems quite reasonable, with dramatic MSE reductions for
the Bayes-DF inferences compared to ML-DF. The smoothing which results from combining
prior distributions on sensitivity and specificity with empty or near-empty validation-data
cells appears to yield much more satisfactory inferences. Results for SIMEX estimators in the
low exposure setting are not shown, but again the overall performance is worse than Bayes
and ML procedures, and the use of “plugged-in” sensitivity and specificity estimates leads to
the “empty-cell” concerns as with ML methods in calculating the observed misclassification
matrix when A = 1, and its exponential of a negative size when A < 1.

Results for the nearly nondifferential Bayesian (Bayes-NNDF') analysis, in both low and
high exposure prevalence settings, appear in Table 4. For the sake of comparison, results
are also given here for a two-stage non-Bayesian procedure that we refer to as test-then-
estimate (TTE). The first TTE step applied a likelihood ratio test to the validation data,
with the null hypothesis that the binary exposure is nondifferentially misclassified. Then as

the second step ML-DF or ML-NDF point and interval estimates are reported, depending
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on whether the null is rejected or not in the first step. For some datasets one or more empty
validation cell a;; results in zero- or one-valued estimate for sensitivity, specificity or exposure
prevalence hence yields nonsensical likelihood ratios, so that TTE estimates and inferential
results are reported for only a subset of the simulated datasets. The number of discarded
datasets is higher in Table 4 than in Tables 2 and 3, for more simulated datasets have one
or more empty cell than those having empty (a;1, a;2) pair(s) simultaneously. Again empty
pair (a;1, az) causes undefined 10951\% in QI method and results for a subset are presented.
As before, the Bayes-NNDF results are reported for all 2000 datasets.

In terms of both point and interval estimator performance, Bayes-NNDF is seen to be
moderately better than TTE (in terms of MSE, sample variance and coverage) in the high
exposure prevalence setting, and very substantially better than TTE in the low prevalence
setting. Comparing Table 4 to previous tables, Bayes-NNDF is seen to offer satisfactory
average performance across scenarios, particularly in relation to either Bayes-NDF or Bayes-
DF applied in a “wrong” scenario, although we notice that, point estimate of logOR from
Bayes-NNDF is more biased and leads to increase of MSE when misclassification is much

differential.

4 Example: Maternal use of antibiotics during preg-
nancy and sudden infant death syndrome

We consider a case-control study on sudden infant death syndrome (SIDS) [16] to further
illustrate how Bayes, ML and SIMEX adjustments for misclassification work in practice.
During investigation of a potential impact of maternal use of antibiotics during pregnancy
on the occurrence of SIDS, surrogate exposure X was obtained from an interview question
(yes=1, no=0). Information on antibiotic use from medical records, taken to be the actual
exposure status 7', was extracted for a subset of study participants. The data are shown in

Table 5. Ignoring misclassification, the X — Y log odds ratio is estimated as 0.352 with 95%
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confidence interval (0.101, 0.603).

The same prior distributions used in the simulation studies of Section 3 are employed
here for drawing Bayesian inferences, except that a noninformative prior for logit(r;) is used
(= —1.946, 0 = 100). Study results after the various adjustments for misclassification are
presented in Table 6. Estimated X-Y and T-Y logO Rs from validation data are also included
for model comparison. Point and interval estimates of logOR via Bayes and ML methods
are similar. Parameters are estimated with slightly more certainty under the nondifferential
assumption than under the differential assumption, which is consistent with simulation find-
ings. Compared with Bayesian and ML estimates, the quality indices (QI) point estimate
is smaller and has a larger SE, which is again consistent with the simulation results. Its
confidence interval covering zero suggests no evidence of T-Y association, in concordance
with the Bayes and ML methods under differential misclassification. Given moderate size
of the validation data, a 47% increase of X-Y log odds ratio from the actual T-Y logOR
on validation data suggests deviation from completely nondifferential misclassification, and
the unadjusted logaﬁ on whole data could be falsely large. The DF, nearly NDF and QI
methods demonstrate capability to correct for such bias.

Note that a considerably stronger exposure-disease association is estimated under the
nondifferential misclassification assumption than under the differential misclassification as-
sumption, with ‘significance’ (i.e., interval estimate excluding zero) in the former case but
not the latter. Moreover, the validation data evidence concerning differentiality is equivocal
(likelihood ratio test P-value of 0.096 for the null hypothesis of nondifferential misclassica-
tion). Therefore, the Bayes-NNDF analysis may be viewed as an appropriate compromise
between the nondifferential and differential analyses, with a tempered point estimate (rela-
tive to NDF) but still significant interval estimate.

As simulation results suggest a quadratic extrapolation function together with asymp-
totic variance estimator performs better than alternatives, we report this SIMEX estimate

in the table. In line with the Bayes and ML results, adding further misclassification pushes

13



estimates toward the null in the nondifferential case but away from the null in the differ-
ential case. In the nondifferential case, both choices of extrapolation function appear to fit
the simulated data well. Extrapolating back to the no misclassification setting, however,
produces adjusted estimates which are much more extreme than those obtained by either

Bayes or ML method.

5 Example: HSV-2 and invasive cervical cancer

The second example describes a case-control study consisting of 732 subjects of cervical
cancer and 1312 community or hospital controls with negative cervical cancer diagnosis [17].
Researchers were interested in assessing the impact of herpes simplex virus type 2 (HSV-2,
a binary variable) in the development of invasive cervical cancer. The exposure status was
detected by the western blot assay, which produced error-prone measurements. A refined,
more accurate procedure was performed on a randomly selected sample of study subjects
(selected without regard to their disease status), in order to assess the misclassification rates.
The data are displayed in Table 7. It is noticeable from the validation and main data that the
exposure prevalence of HSV-2 is high in both cases and controls. Carroll et al. observed from
the validation sample that the misclassification differs between cases and controls (Fisher’s
exact two-sided test implied a greater sensitivity for the cases, p=0.049), and proposed a
pseudo-likelihood model to adjust for the differential measurement error [18].

Ignoring measurement error arising from the inaccurate western blot procedure, the naive
log odds ratio is estimated as 0.453 (standard error = 0.093), with 95% confidence interval
(0.271, 0.635), indicating HSV-2 is positively correlated with the occurrence of invasive
cervical cancer. We conduct Bayesian adjustment under three misclassification situations
(NDF, NNDF and DF), again using the prior distributions for logit transformed sensitivities
and specificities described in Section 3. For logit(r;), a flat prior with large variance is used

here to generate posterior inference (u=-1.946, 0=100). Similar results are observed when
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same hyperparameters for logit(r;) stated in Section 3 are used (p=-1.946, 0=0.993).

Table 8 presents results of the various analyses. For all three methods (Bayes, ML and
SIMEX under the more appropriate quadratic extrapolation), moving from the nondiffer-
ential assumption to the differential assumption moves the point estimate of the exposure-
disease association toward the null, and causes the left endpoint of the interval estimate to
move from positive to negative, i.e., “significance” is lost. The QI method posts no assump-
tion on misclassification between two groups, with odds ratios estimated separately from
cases and controls, hence can be treated as an inherent differential adjustment. The QI
estimate is closest to zero association compared with other DF methods. It is interesting to
observe that only logél\%s from QI and SIMEX models are smaller than the unadjusted X-T
log odds ratio of on the whole data assuming differential misclassification. An interesting
point about this example is that with a small validation sample the Bayes and ML difffer-
ential analysis can yield an adjustment in a different direction than the QI analysis. That
is, the validation data are such that the T-Y and X-Y marginals suggest, albeit with much
uncertainty, that differential misclassification is inducing a stronger association between X
and Y than between T and Y. However, looking at the three-way T-X-Y relations in the
validation data (i.e., estimating case-specific and control-specific sensitivity and specificity)
suggests, also with considerable uncertainty, that misclassification has the attenuating ef-
fect of yielding a weaker association between X and Y than between T and Y. While this
observation is curious, it should be tempered by the fact that the Bayes and ML interval
estimates are quite compatible with the QI interval estimate.

As Carroll, Gail, and Lubin [18] pointed out, there is moderate evidence to show measure-
ment error is differential across cases and controls. Sensitivities estimated from validation
data alone are 0.78 for cases and 0.5 for controls. Nevertheless, if both the complete and
incomplete data are considered, a likelihood ratio test for the nondifferentiality of misclassifi-
cation with 2 degrees of freedom, generates a p-value at 0.073, indicating lack of evidence to

reject the null at 5% significance level. The same test based merely on the validation data re-

15



ports a consistent result (p-value= 0.084). Hence, it seems more appropriate to interpret the
differentiality of measurement as borderline. One advantage of Bayesian adjustment emerges
in this context, as it can incorporate the “in-between” scenario of nearly nondifferential mis-
classification via an appropriate prior distribution. As expected, the NNDF analyis yields
a posterior mean and SD falling in between those arising from the NDF and DF assump-
tions. The resulting interval estimate is wholly positive, providing evidence for a positive
exposure-disease association without concern about imposing an overly-strong assumption
of nondifferential misclassification.

As a final point, we note that the Bayesian parameter estimates are consistent with
the results given by Skrondal and Rabe-Hesketh [8] for these data, using generalized latent

variable modeling techniques.

6 Discussion

Mismeasurement of exposure is an issue of broad concern in epidemiological studies, and
there is a substantial literature on adjusting inferences on exposure-disease relationships in
light of such mismeasurement. Bayesian methods, likelihood methods, and SIMEX methods
are three general tools for implementing such adjustments. At least in the context of misclas-
sified binary exposure, this paper has illustrated several positive attributes of the Bayesian
approach. First, Bayesian methods can provide more reasonable and stable inferences when
the resulting data are sparse, which is of particular relevance to small validation datasets
in rare exposure contexts. Second, the infusion of prior information offered by the Bayesian
approach can be used to good effect. Rather than committing to nondifferential or ‘fully’
differential assumptions concerning the exposure misclassification, a prior can be constructed
to represent a ‘nearly nondifferential’ assumption. That is, the analyst can assert that sub-
stantial deviations from nondifferentiality are unlikely. This would seem to be a particularly

useful device when the data themselves do not clearly support or refute nondifferentiality,
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as occured in both our real-data examples.
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Table 1: Validation data and main data

Validation Data Main Data
Y=1 Y=0 Y=1 Y=0
T X=1 X=0 X=1 X=0 X=1 X=0|X=1 X=0
T=1 ai a2 ao1 ao2 bir bz | bor  bo2
T=0 ais aiq ao3 ao4 big bia | bos  bos
N | a1 +a13 a12+aiq | a1 +ao3 ao2+aosa | a1s  ae | Gaos Qo6
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Table 4: Comparative performance of ML-TTE (N;ep<2000) and Bayes-NNDF' (V,..,=2000)
on simulated datasets of size 1760, OR = 1.25

High prevalences Low prevalences
Bayes NNDF ML-TTE N,,, | Bayes NNDF ML-TTE N,
Scenario 1 MSE 0.025 0.027 1943 0.148 0.19 481
Bias 0.01 0.01 -0.056 -0.011
Variance 0.025 0.027 0.145 0.19
Coverage 0.977 0.954 0.988 0.985
Width 0.728 0.617 1.971 1.877
Scenario 2 MSE 0.042 0.059 1960 0.286 0.841 526
Bias 0.108 0.116 0.364 0.723
Variance 0.031 0.045 0.154 0.319
Coverage 0.942 0.872 0.933 0.656
Width 0.787 0.705 2.038 2.013
Scenario 3 MSE 0.077 0.117 1955 0.602 1.636 563
Bias 0.205 0.178 0.654 0.892
Variance 0.035 0.085 0.175 0.841
Coverage 0.875 0.732 0.788 0.334
Width 0.849 0.851 2.104 2.184
Scenario 4 MSE 0.121 0.16 1971 0.93 2.001 589
Bias 0.284 0.166 0.864 0.799
Variance 0.041 0.132 0.184 1.365
Coverage 0.784 0.67 0.652 0.52
Width 0.904 0.999 2.162 2.378
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Table 5: Validation study and main study of SIDS

Validation Data Main Data
Y=1 Y=0 Y=1 Y=0
T | X=1 X=0|X=1 X=0|X=1 X=0|X=1 X=0
T=1] 29 17 21 16 b11 bi2 bo1 bo2
T=0| 22 143 12 168 | b3 b14 bos bos
N 51 160 33 184 | 122 442 | 101 479

Table 6: log5}\%, SE and 95% intervals for logOR in SIDS study based on a flat prior

log(OR) SE  95% intervals
Unadjusted-whole data 0.352  0.128 (0.101, 0.603)
Unadjusted-validation data | 0.575  0.248  (0.089, 1.020)
Adjusted-validation data 0.305  0.246 (-0.177, 0.786)
Bayes-NDF 0.396  0.193 (0.016, 0.770)
Bayes-NNDF 0.329  0.200 (-0.060, 0.723)
Bayes-DF 0.208  0.219 (-0.227, 0.637)
ML-NDF 0.398  0.191 (0.024, 0.772)
ML-DF 0.193 0.221 (-0.241, 0.626)
Ql 0.082  0.246 (-0.400, 0.563)
SIMEX-NDF
quadratic, asymptotic 0.663  0.227 (0.219, 1.108)
SIMEX-DF
quadratic, asymptotic -0.010  0.221 (-0.443, 0.424)

Table 7: Validation data and main data for cervical cancer study

Validation Data Main Data
Y=1 Y=0 Y=1 Y=0
T X=1 X=0|X=1 X=0|X=1 X=0|X=1 X=0
T=1]| 18 5 16 16 b11 b12 bo1 bo2
T=0 3 13 11 33 b13 b1 bos bo4
N 21 18 27 49 375 318 | 525 701
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Table 8: logéﬁ, SE and 95% intervals for logOR in cervical cancer study based on a flat
prior for logit(r;)

log(OR) SE  95% interval
Unadjusted-whole data 0.453  0.093 (0.271, 0.635)
Unadjusted-validation data | 0.750  0.401 (-0.035, 1.536)
Adjusted-validation data 0.681  0.400 (-0.103, 1.465)
Bayes-NDF 0.921 0.223 ( 0.520, 1.404)
Bayes- NNDF 0.809  0.266 (0.320, 1.356)
Bayes-DF 0.583  0.324 (-0.033, 1.262)
ML-NDF 0.958  0.237 (0.494, 1.422)
ML-DF 0.608  0.350 (-0.079, 1.295)
QI 0.384  0.411 (-0.421, 1.189)
SIMEX-NDF
quadratic, asymptotic 0.903  0.184 (0.542, 1.264)
SIMEX-DF
quadratic, asymptotic 0.146  0.172 (-0.191, 0.482)
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Table 13: Comparative performance of ML-TTE (N;ep<2000) and Bayes-NNDF (NV,..,=2000)
on simulated datasets of size 1760, OR = 1.8

High prevalences

Low prevalences

Bayes NNDF ML-TTE N,,, | Bayes NNDF ML-TTE N,
Scenario 1 MSE 0.025 0.028 1950 0.147 0.16 599
Bias 0.011 0.002 -0.126 -0.036
Variance 0.024 0.028 0.131 0.159
Coverage 0.979 0.949 0.974 0.955
Width 0.71 0.623 1.824 1.762
Scenario 2 MSE 0.035 0.048 1969 0.217 0.62 653
Bias 0.089 0.089 0.285 0.579
Variance 0.027 0.04 0.136 0.286
Coverage 0.962 0.923 0.957 0.828
Width 0.76 0.702 1.897 1.968
Scenario 3 MSE 0.057 0.09 1966 0.435 1.232 734
Bias 0.157 0.142 0.538 0.741
Variance 0.032 0.07 0.146 0.684
Coverage 0.915 0.83 0.827 0.38
Width 0.816 0.83 1.938 2.056
Scenario 4 MSE 0.083 0.119 1959 0.724 1.537 741
Bias 0.216 0.116 0.753 0.59
Variance 0.037 0.106 0.158 1.19
Coverage 0.867 0.801 0.68 0.529
Width 0.865 0.972 2.002 2.309
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Table 14: Comparative performance of ML-TTE (N;ep<2000) and Bayes-NNDF (NN,.,=2000)
on simulated datasets of size 1760, OR = 2.5

High prevalences Low prevalences
Bayes NNDF ML-TTE N,,, | Bayes NNDF ML-TTE N,,,
Scenario 1 MSE 0.028 0.032 1941 0.134 0.16 703
Bias 0.017 0.005 -0.132 -0.046
Variance 0.027 0.032 0.117 0.158
Coverage 0.969 0.943 0.97 0.943
Width 0.71 0.646 1.715 1.7
Scenario 2 MSE 0.035 0.046 1959 0.157 0.446 753
Bias 0.072 0.076 0.201 0.433
Variance 0.029 0.041 0.116 0.259
Coverage 0.968 0.939 0.979 0.935
Width 0.76 0.723 1.778 1.878
Scenario 3 MSE 0.044 0.07 1959 0.325 1.035 800
Bias 0.112 0.108 0.451 0.628
Variance 0.032 0.058 0.122 0.642
Coverage 0.955 0.914 0.882 0.493
Width 0.808 0.835 1.82 2.06
Scenario 4 MSE 0.064 0.095 1960 0.563 1.2 771
Bias 0.171 0.103 0.655 0.481
Variance 0.034 0.084 0.134 0.97
Coverage 0.918 0.869 0.722 0.503
Width 0.858 0.976 1.878 2.219
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Table 21: Comparative performance of ML-TTE (N;ep<2000) and Bayes-NNDF (NV,..,=2000)
on simulated datasets of size 960, OR = 1.8

High prevalences Low prevalences
Bayes NNDF ML-TTE N,,, | Bayes NNDF ML-TTE N,
Scenario 1 MSE 0.039 0.043 1963 0.184 0.231 599
Bias 0.011 0.008 -0.13 -0.084
Variance 0.038 0.043 0.168 0.224
Coverage 0.964 0.946 0.973 0.977
Width 0.831 0.779 1.96 2.071
Scenario 2 MSE 0.048 0.06 1960 0.194 0.439 641
Bias 0.07 0.076 0.181 0.384
Variance 0.044 0.054 0.161 0.292
Coverage 0.949 0.924 0.975 0.947
Width 0.872 0.843 2.013 2.176
Scenario 3 MSE 0.063 0.087 1961 0.313 0.807 702
Bias 0.129 0.112 0.368 0.493
Variance 0.046 0.074 0.178 0.565
Coverage 0.942 0.905 0.928 0.738
Width 0.921 0.944 2.054 2.283
Scenario 4 MSE 0.083 0.11 1960 0.482 0.997 758
Bias 0.175 0.106 0.537 0.366
Variance 0.053 0.098 0.193 0.864
Coverage 0.911 0.877 0.859 0.656
Width 0.967 1.048 2.096 2.401
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Table 22: Comparative performance of ML-TTE (N;ep<2000) and Bayes-NNDF (NN,.,=2000)
on simulated datasets of size 960, OR = 2.5

High prevalences Low prevalences
Bayes NNDF ML-TTE N,,, | Bayes NNDF ML-TTE N,,,
Scenario 1 MSE 0.041 0.044 1937 0.178 0.232 473
Bias 0.006 0.004 -0.065 -0.044
Variance 0.041 0.044 0.174 0.231
Coverage 0.967 0.948 0.984 0.994
Width 0.856 0.791 2.089 2.238
Scenario 2 MSE 0.053 0.069 1963 0.248 0.57 538
Bias 0.085 0.087 0.263 0.517
Variance 0.046 0.061 0.179 0.303
Coverage 0.957 0.925 0.959 0.862
Width 0.908 0.869 2.143 2.325
Scenario 3 MSE 0.079 0.104 1962 0.423 1.049 583
Bias 0.16 0.133 0.471 0.645
Variance 0.054 0.087 0.201 0.634
Coverage 0.912 0.866 0.9 0.643
Width 0.956 0.971 2.197 2.441
Scenario 4 MSE 0.114 0.135 1966 0.626 1.295 594
Bias 0.245 0.135 0.647 0.528
Variance 0.054 0.117 0.207 1.019
Coverage 0.858 0.825 0.819 0.603
Width 1.003 1.086 2.253 2.511
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Table 23: Comparative performance of ML-TTE (N;ep<2000) and Bayes-NNDF (NN,.,=2000)
on simulated datasets of size 960, OR = 1.25

High prevalences Low prevalences

Bayes NNDF ML-TTE N,,, | Bayes NNDF ML-TTE N,,,

Scenario 1 MSE 0.038 0.043 1950 0.167 0.2 677
Bias 0.007 0.003 -0.139 -0.089
Variance 0.038 0.043 0.148 0.192
Coverage 0.966 0.949 0.97 0.96
Width 0.825 0.786 1.853 1.954

Scenario 2 MSE 0.047 0.058 1955 0.158 0.34 736
Bias 0.05 0.061 0.097 0.261
Variance 0.045 0.054 1953 0.149 0.273
Coverage 0.958 0.939 0.983 0.963
Width 0.868 0.851 1.889 2.063

Scenario 3 MSE 0.053 0.073 0.262 0.648 807
Bias 0.087 0.081 0.317 0.429

Variance 0.045 0.067 0.162 0.465 ’

Coverage 0.953 0.935 0.942 0.84
Width 0.91 0.94 1.932 2.155

Scenario 4 MSE 0.07 0.095 1968 0.347 0.8 839
Bias 0.135 0.086 0.423 0.254
Variance 0.052 0.088 0.168 0.737
Coverage 0.932 0.91 0.904 0.731
Width 0.953 1.036 1.97 2.284
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Table 30: Comparative performance of ML-TTE (N;ep<2000) and Bayes-NNDF (NV,..,=2000)
on simulated datasets of size 500, OR = 1.8

High prevalences Low prevalences

Bayes NNDF ML-TTE  N,,, | Bayes NNDF ML-TTE N,

Scenario 1 MSE 0.07 0.075 1696 0.252 0.318 252
Bias 0.008 0.008 -0.201 -0.203
Variance 0.07 0.074 0.212 0.278
Coverage 0.963 0.95 0.977 0.964
Width 1.102 1.062 2.328 2.518

Scenario 2 MSE 0.084 0.101 1785 0.2 0.308 291
Bias 0.073 0.084 0.057 0.195
Variance 0.079 0.094 0.197 0.271
Coverage 0.952 0.947 0.99 0.986
Width 1.153 1.139 2.357 2.617

Scenario 3 MSE 0.095 0.125 1799 0.285 0.62 320
Bias 0.123 0.129 0.273 0.463
Variance 0.08 0.108 0.211 0.406
Coverage 0.946 0.932 0.971 0.928
Width 1.193 1.219 2.393 2.694

Scenario 4 MSE 0.12 0.161 1776 0.382 0.829 332
Bias 0.172 0.137 0.42 0.443
Variance 0.09 0.142 0.205 0.634
Coverage 0.933 0.913 0.942 0.849
Width 1.24 1.316 2.426 2.688
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Table 31: Comparative performance of ML-TTE (N;ep<2000) and Bayes-NNDF (NN,.,=2000)
on simulated datasets of size 500, OR = 2.5

High prevalences Low prevalences
Bayes NNDF ML-TTE N,,, | Bayes NNDF ML-TTE N,,,
Scenario 1 MSE 0.074 0.074 1664 0.219 0.284 186
Bias 0.005 0.011 -0.093 -0.156
Variance 0.074 0.074 0.211 0.261
Coverage 0.962 0.96 0.988 0.978
Width 1.143 1.087 2.446 2.647
Scenario 2 MSE 0.092 0.105 1770 0.25 0.401 201
Bias 0.095 0.101 0.204 0.341
Variance 0.083 0.095 0.208 0.286
Coverage 0.952 0.941 0.985 0.965
Width 1.197 1.166 2.486 2.708
Scenario 3 MSE 0.116 0.145 1785 0.386 0.864 246
Bias 0.169 0.161 0.403 0.601
Variance 0.087 0.119 0.224 0.505
Coverage 0.93 0.909 0.948 0.858
Width 1.238 1.245 2.521 2.743
Scenario 4 MSE 0.151 0.198 1777 0.552 1.16 255
Bias 0.231 0.165 0.572 0.648
Variance 0.098 0.171 0.225 0.743
Coverage 0.9 0.876 0.898 0.718
Width 1.284 1.357 2.565 2.898
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Table 32: Comparative performance of ML-TTE (N;ep<2000) and Bayes-NNDF (NN,.,=2000)
on simulated datasets of size 500, OR = 1.25

High prevalences Low prevalences
Bayes NNDF ML-TTE N,,, | Bayes NNDF ML-TTE N,,,
Scenario 1 MSE 0.072 0.079 1673 0.256 0.285 302
Bias 0.013 0.01 -0.254 -0.185
Variance 0.072 0.079 0.192 0.252
Coverage 0.957 0.95 0.959 0.947
Width 1.09 1.067 2.204 2.409
Scenario 2 MSE 0.074 0.09 1754 0.195 0.279 356
Bias 0.05 0.069 -0.01 0.105
Variance 0.072 0.085 0.195 0.269
Coverage 0.959 0.956 0.987 0.992
Width 1.131 1.13 2.248 2.444
Scenario 3 MSE 0.09 0.127 1810 0.241 0.495 411
Bias 0.086 0.101 0.186 0.368
Variance 0.083 0.117 0.207 0.36
Coverage 0.958 0.936 0.973 0.966
Width 1.18 1.221 2.275 2.53
Scenario 4 MSE 0.102 0.148 1797 0.308 0.69 407
Bias 0.125 0.115 0.325 0.29
Variance 0.086 0.135 0.203 0.607
Coverage 0.946 0.926 0.96 0.921
Width 1.222 1.312 2.3 2.609
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