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The procedure for the smallest quantile

As in Section 2, the conditions on the Fi are the ones used by RS, i.e. the
Fi satisfy

max
1≤i≤k

F[i](y) = F[1](y) for all y. (3.1)

Further, as before, the Fi are continuous and have a unique α-quantile, but
in this case the integers ri and ci satisfiy

1 ≤ ri ≤ (ni + 1)α < ri + 1 ≤ ni + 1 and 0 ≤ ci ≤ ni − ri. (3.2)

The proposed procedure is then

R2 : put Fi in the subset ⇔ Yri,i ≤ min
1≤j≤k,j "=i

Yrj+cj ,j (3.3)

and when Fi = F[1] the probability of a correct selection is

Pi,di(CS | R2) = P (Yri,i ≤ min
1≤j≤k,j "=i

Yrj+cj ,j), (3.4)

where, as for the case of the largest quantile, the probability of correct selec-
tion when Fi = F[1] depends on the c’s only through di = (c1, . . . , ci−1, ci+1,
. . . , ck).
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Using (2.1) and (2.5) then gives, for the case where Fi = F[1],

Pi,di(CS | R2) =
P (Yri,i ≤ min1≤j≤k,j "=i Yrj+cj) =
∫ ∞
−∞

∏
j "=i

(
1 − IFj(y)(rj + cj , nj − (rj + cj + 1)

)
dIFi(y)(ri, ni − ri + 1)

≥
∫ ∞
−∞

∏
j "=i (1 − Iu(rj + cj , nj − (rj + cj) + 1) dIu(ri, ni − ri + 1).






(3.6)

Calling this lowerbound on Pi,di(CS | R2), L∗
i,di

(CS | R2), we have, because
0 ≤ ci ≤ ni − ri and Iu(r, n − r + 1) is for fixed u ∈ (0, 1) decreasing in r,

A∗
i ≤ L∗

i,di
(CS | R2) ≤ B∗

i , i = 1, . . . , k (3.7)

where, for i = 1, . . . , k,

A∗
i =

∫ 1

0

∏

j "=i

(1 − Iu(rj, nj − rj + 1)) dIu(ri, ni − ri + 1)) (3.8)

and

B∗
i =

∫ 1

0

∏

j "=i

(1 − Iu(nj , 1)) dIu(ri, ni − ri + 1). (3.9)

Further note that (by a proof similar to the one for (2.15))

k∑

i=1

A∗
i = 1 for all ri, ni satisfying (3.2), (3.10)

implying that min1≤i≤k A∗
i ≤ 1/k and by a proof similar to the one for (4.1)

B∗
i = 1 − ni!(nj + ri − 1)!

(ri − 1)!(ni + nj)!
i &= j

when k = 2.

Finally, Theorem 2.1 with, for i = 1, . . . , k, (Ai, Bi) replaced by (A∗
i , B

∗
i ),

gives (c1, . . . , ck) and the possible P ∗ such that min1≤i≤k Pi,di(CS | R2) ≥ P ∗.
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